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Introduction

1 Motivation

Many physical processes studied in science and engineering are modelled with partial dif-
ferential equations (PDEs). The PDE model describes the global evolution of the process
in terms of a (usually) local equation of its partial derivatives. Examples include the diffu-
sion of heat through a material, elastic and electromagnetic wave propagation, and the flow
of viscous fluids. These are only a few examples, as PDEs are ubiquitous in science and
engineering.

In many cases, it is not the physical process itself that we are interested in, but instead
some quantity derived from it. Mathematically, we describe this quantity in terms of a
functional. Often, it is the extreme values of this functional that is of interest. That is, we
want to identify the process that maximise or minimise the functional value, over a range of
input parameters. For example, we may want to find a heat sink that optimise the cooling,
a material composition that reproduces observed wave scattering, or the optimal placement
of turbines in a tidal energy farm. These are examples of PDE-constrained optimisation
problems.

Solving a PDE-constrained optimisation problem means identifying the best PDE solu-
tion over a range of parameters. Generally, this is involves more than just solving the PDE,
which can be a challenging task in itself. The optimisation side of the problem also have
to be solved, so a technique for solving the PDE must be combined with a technique for
solving the optimisation problem. The many ways this can be done, and a vast range of
applications, results in a rich theory of PDE-constrained optimisation.

The three works included in this thesis cover different aspects of PDE-constrained op-
timisation. The first paper concerns theory of PDE-constrained optimisation, more specif-
ically parameter-robust solution techniques for a PDE-constrained optimisation problem.
The second paper is about coupling PDEs on domains of different topological dimension.
Although the problem considered is not a PDE-constrained optimisation problem, it does
have a similar structure and can be analysed with similar techniques. The third paper is more
application oriented, and concerns the use of PDE-constrained optimisation techniques to
reconstruct cerebral blood flow from medical images.

The remainder of this introduction is structured as follows. Section 2 provides an in-
troduction to PDE-constrained optimisation, and provides a common context to the three
works included in this thesis. Sections 3 to 5 introduces the individual papers.
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2 Methods

Most PDEs do not have closed form solutions and can only be solved approximately with
numerical methods. In order to do so, it is necessary to formulate a solution algorithm and a
discretisation scheme for the PDE in question. Similarly, an algorithm must be formulated
for computing the optimal solution.

This section is intended as a very gentle introduction to PDE-constrained optimisation,
and introduces notation and nomenclature used in the remainder of the text. It also serves as
context for the papers included in this thesis, providing a common framing of the problems
and the methods considered therein.

In this part of the thesis, technical details are kept to a minimum. In particular, it is
assumed that all necessary smoothness conditions are satisfied.

2.1 An example: Inverse Poisson

The Poisson equation is commonly used as the prototypical example of a partial differential
equations. Correspondingly, we use the inverse Poisson problem as a prototype example for
PDE-constrained optimisation.

The forward problem

The Poisson equation has many applications. For instance, it can model the electric po-
tential generated by distribution of electric charge, or a stationary distribution of heat in a
conductive medium. The simplest Poisson problem reads

−∆u = f in Ω (1a)

u = 0 on ∂Ω. (1b)

Here, f is a known variable, and u is the unknown in the equation, and Ω is the domain
of the equations. The second equation (1b) is a boundary condition, needed to close the
problem. For simplicity, here u vanishes on the boundary ∂Ω, but many other boundary
conditions for u are possible.

The inverse problem

For the inverse Poisson problem we reverse the problem formulation. Given u, can we
recover f such that (1) holds? Clearly, for a smooth u, we could directly compute f =

−∆u. In practice however, a function u obtained from measurement will always contain
some amount of noise, for example we might have u = usignal+unoise. A direct computation
would then result in f = −∆usignal − ∆unoise. Since the noisy component typically does
not vary smoothly, the computed f would be dominated by the inverted noise, even if the
relative amplitude of the noise is small. In mathematical terms, we say that the Laplacian
is unbounded, and that the inverse problem is ill-posed since a small change in the input
produces a large change in output.
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A remedy for the ill-posedness of the inverse problem is to reformulate it as a regu-
larised minimisation problem. That is, instead of trying to match the data exactly, we seek
a solution that minimises the misfit with the data without being “too wild". There are many
ways to formulate this minimisation problem, corresponding to different choices of metrics.
The simplest of these is the least-squares approach, and that is what will be presented here.

Formal problem definition

Suppose that we have some given (noisy) measurement data d. Then the functional Jα,
measuring misfit is defined as

Jα(f, u) =
1

2

∫

Ω
(u− d)2 dx+

α

2

∫

Ω
f2 dx. (2)

The first term of Jα is the squared distance, and the second term, where α > 0, is an example
of Tikhonov regularisation, which is discussed below in section 2.6. The minimisation
problem then reads

minimise: Jα(f, u)

subject to:

{
−∆u = f in Ω

u = 0 on ∂Ω

(3)

Problem (3) is a formulation of the inverse Poisson problem that can be solved using stan-
dard methods, as we will see in the next section. It belongs to a class of problems called
constrained minimisation problems.

2.2 Constrained optimisation

In this subsection we will discuss some solution methods for (3) and similar problems that
are relevant to this thesis. For future reference, it is practical to adopt a more more abstract
formulation of (3), as follows.

minimise:
(f,u)∈F×V

J(f, u)

subject to: e(f, u) = 0.
(4)

Here the functional J is assumed to be convex. We also introduce the standard nomencla-
ture: We call f the control variable and u the state variable. The functional J is called the
objective, and e(u, f) = 0 is called the state equation. Specifying the function spaces for
the control and state variables is an essential part of the problem formulation. Here we have
denoted the control space as F and the state space as V . Moreover we assume state equation
hold in Z∗, i.e. with e : F × V → Z∗, with F, V and Z being reflexive Banach spaces.

The method of Lagrange multipliers

The standard technique for minimising a convex function on the real line, is to identify the
point where its derivative vanishes. This technique could be applied to (4) if it were not
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for the presence of the constraint. Therefore, methods for solving constrained problems
commonly reformulate or modify the problem so that the constraint can be eliminated.

The method of Lagrange multipliers essentially replaces the constraint with a new vari-
able, which we will call the adjoint state. A new functional, the Lagrangian, combining the
objective functional and the state equation, is defined

L(f, u, z) = J(f, u) + ze(f, u),

with z ∈ Z (and size Z is reflexive, z can be identified with a functional mapping Z∗

into R). Let us perform a heuristic computation to see how the Lagrangian L relates to the
optimisation problem (4).

inf
f,u
{J(f, u) | e(f, u) = 0} = inf

f,u

{
J(f, u) +

{
0 e(f, u) = 0

∞ e(f, u) 6= 0

}

= inf
f,u

{
J(f, u) + sup

z
ze(f, u)

}

= inf
f,u

sup
z
L(f, u, z).

(5)

In (5) we see that original constrained minimisation condition on J is transformed to a
saddle point condition on the Lagrangian L. Since we know that the derivative vanishes in
a saddle point (and we assume here that L is differentiable), we have a necessary optimality
condition,

DL = 0,

where D denotes the (Fréchet) derivative operator. Writing out the individual components
of DL, we obtain a system of three equations,

DfJ(f, u) + zDfe(f, u) = DfL = 0, (6a)

DuJ(f, u) + zDue(f, u) = DuL = 0, (6b)

e(f, u) = DzL = 0. (6c)

In the literature the three equations are commonly given names. The first equation (6a) is
sometimes called the design equation, the second equation is known as the adjoint equation,
and the third we recognise as the state equation. We refer to the system of equations (6) as
the optimality conditions.

The reduced problem

Another method for eliminating the constraint in (4) is to consider the state u as function of
the control f . In general, some form of the implicit function theorem is needed to make the
dependence of u on f explicit, but for the simplistic example (3) this is already clear.

The dependence on the state u is eliminated from the so-called reduced functional Ĵ ,
which we define

Ĵ(f) = J(f, u(f))
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Since Ĵ is a function in f only, with the constraint eliminated, we can apply unconstrained
solution techniques to minimise Ĵ . In particular, we have the optimality condition

DĴ(f) = 0. (7)

For the reduced problem (7), we need a way to compute the total derivative of the reduced
functional Ĵ . Applying the chain rule, we have

DĴ(f) = DfJ(f, u(f)) +DuJ(f, u(f))Dfu(f).

Now we could compute Dfu(f), known as the tangent linear model, and then evaluate
Df̂ , but there is another approach that will appear more natural. By differentiating the state
equation and again using the chain rule, we get

Dfe(f, u(f)) +Due(f, u(f))Dfu(f) = 0,

hence

DĴ = DfJ(f(u(f)) +DuJ(f, u(f))Dfu(f)

= DfJ(f(u(f))−DuJ(f, u(f))
[
Due(f, u(f))

]−1
Dfe(f, u(f))

= DfJ(f, u(f)) + zDfe(f, u(f)),

(8)

Where z solves an adjoint equation similar to (6b),

zDue(f, u(f)) = −DuJ(f, u(f)).

After computing the derivative, an updated value for f can be computed with a descent step,
and the process can be repeated until convergence.

2.3 Variational forms and discretisation

A solution to the minimisation problem (4) is found by solving the equations provided by
conditions (6) or (7). For this, we need numerical methods, both for the PDE and for the
optimisation method.

Variational formulation

The PDE formulation in (1) is usually rewritten using the integration by parts formula,
∫

Ω
∇u · ∇v dx =

∫

Ω
fv dx ∀v ∈ H1

0 (Ω). (9)

Equation (9) is said to be a variational or weak form of the Poisson problem (1). The term
variational here refers to that the function v in (9) is allowed to vary, and the equality should
hold for any choice of v for which the integration by parts formula makes sense. The set all
such v comprise a linear space denoted H1

0 (Ω).
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It is convenient to introduce a shorthand notation for (9):

〈Au, v〉 = 〈Mf, v〉 dx ∀v ∈ H1
0 (Ω).

where A and M are linear operators defined

〈Au, v〉 =

∫

Ω
∇u · ∇v dx,

〈Mu, v〉 =

∫

Ω
fv dx.

With this notation, the inverse Poisson problem fits in the framework of (4), with

J(f, u) =
1

2
〈M(u− d), (u− d)〉+

α

2
〈Mf, f〉,

ze(f, u) = 〈Au−Mf, z〉.

An elementary computation now lets us express the optimality conditions (6) in terms of
the operators A and M ,

αMf −M∗z = 0,

Mu+A∗z = Md,

Au−Mf = 0,

where ∗ denotes the dual operator defined 〈A∗z, u〉 = 〈Au, z〉. The optimality conditions
form a linear system 


αM −M∗

M A∗

−M A






f

u

z


 =




0

Md

0


 (10)

We write this more compactly
Aαx = b

where Aα : X → X∗ is the coefficient matrix in (10), X = V × F × Z.

The finite element method

Solving equation (10) gives us a solution to the inverse Poisson problem (3). But before
can solve this equation numerically, we need to discretise it. That is, we need to derive a
finite-dimensional approximation of the problem that can be solved by a computer.

Finite element methods (FEM) comprise a class of discretisation schemes commonly
used for PDEs. For the equation (10) however, we only need the simplest of finite element
methods, the “Lagrange triangle", described below.

Assume that Th is a triangularisation of the domain Ω. That is, Tt is a collection of
triangles that cover Ω, in the sense that ∪T∈ThT = Ω, such that the intersection of any two
triangles is either empty, a shared side, or a shared vertex. A finite-dimensional subspace of
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H1
0 (Ω) is then defined

Vh = {φ ∈ H1
0 (Ω) | φ|T ∈ P1(T ), T ∈ Th},

where Pk(T ) denotes the linear space of polynomials of degree at most k on T . A basis
{φi}Ni=1 spanning Vh can then be uniquely determined from the condition

φi(vj) =

{
1 if i = j,

0 otherwise,
vj ∈ V(Th), i, j ∈ {1, . . . , N},

where V(Th) denotes the set of vertices in the triangularisation. Function uh, fh ∈ Vh have
unique representation uh, fh ∈ RN with respect to this basis, i.e. uh =

∑N
j=1(uh)jφj and a

similar identity for fh. Taking u = uh, f = hh and v = φi, i = 1, . . . , N in the variational
form of the Poisson problem (9), we obtain a system of scalar equations,

∫

Ω
∇uh · ∇φi dx =

∫

Ω

N∑

j=1

(uh)j∇φi · ∇φj dx

=

∫

Ω

N∑

j=1

(fh)jφjφi dx =

∫

Ω
fhφi dx.

This linear system of N equations is more compactly expressed in matrix notation

Ahuh = Mhfh,

where Ah,Mh ∈ RN×N are matrix representations of the restrictions of A and M to
Vh ⊂ H1

0 (Ω), defined

(Ah)i,j =

∫

Ω
∇φi · ∇φj dx

(Mh)i,j =

∫

Ω
φiφj dx.

Returning to the optimality conditions (10), we can replace the operators A and M with
their discrete counterparts. This results in linear system that can be solved on a computer:



αMh −MT

h

Mh AT
h

−Mh Ah






fh
uh
zh


 =




0

Mhdh
0


 (11)

Here zh ∈ RN denotes the representation of zh ∈ Vh with respect to the chosen basis, and
the coefficient matrix in (11) is 3N by 3N .
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2.4 Solving the optimisation problem

A number of techniques exists for solving the discrete problem (11). In this section we
outline two iterative methods that are relevant to papers included in this thesis. While the
system (11) can be solved directly (with Gauss-elimination or Cholesky factorisation), we
are interested in techniques that can also be applied to the more general, usually nonlinear
and infinite-dimensional system (6).

The minimum residual method

The saddle-point system (11) can be solved with a suitable Krylov subspace method, for
example the minimum residual method (minres). The advantage of Krylov solvers is that
under certain conditions, they are optimal in the in the sense that computational cost of
solving a linear system to a given tolerance scales linearly with the number of unknowns.
This will require that the system is sparse, and usually also requires a good preconditioning
technique as described below in section 2.5.

A disadvantage of using Krylov solvers for the system (11) is that all three equations
contributes to the residual used to determine convergence. This important because the resid-
uals of the three equations have different interpretation. A residual in the first equation sim-
ply means that the solution is not optimal. On the other hand, a residual in the third equation
comes from the PDE constraint not being satisfied, meaning that the solution could be po-
tentially be non-physical. If we terminate the iterative procedure while the residual is not
negligible, we have to be certain that the PDE-constraint is satisfied well enough before
we can conclude that the iterate is an approximate solution to the constrained optimisation
problem.

Gradient descent methods

The reduced problem (7) can be solved with an iterative procedure. Assuming a give current
iterate fk, the derivative DĴ(fk) is computed according to (8). The next iterate is then
obtained by descent step,

fk+1 = fk − ωkR−1
k DĴ(fk), k = 0, 1, . . . , (12)

where R−1
k is a symmetric positive definite operator mapping the linear functional DĴ(fk)

to an element in the same space as fk, and ωk is a step length, typically determined by a line
search method to ensure convergence. For example taking to Rk to be the Riesz operator
mapping F ∗ to F results in a steepest descent method, and taking Rk to be the inverse
Hessian

(
D2Ĵ(fk)

)−1 results in a Newton method.
The discretised method can be derived as in the previous section. We omit the details,

and write out the method in matrix notation,


Ah

Mh AT
h

−Rk ω−1
k






uk+1
h

zk+1
h

fk+1
h


 =




Mhf
k
h

Mhdh
(ω−1
k − αRk)f

k
h


 k = 0, 1, . . . (13)
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where Rh,k is matrix representation of a discretisation ofRk. The iterative scheme provides
a new control vector fk+1

h (as well as a state uk+1
h and adjoint zk+1

h ) from the previous
control, by solving the equations in (13) sequentially from top to bottom, starting from
some initial guess f0

h .

2.5 Analysis of saddle-point systems

The linear system (11) is an example of a saddle-point system. Given reflexive Banach
spaces V and Q, such a system can be written in the standard form

Ax =

[
A B∗

B 0

][
u

p

]
=

[
f

g

]
= b (14)

whereA : V → V ∗ andB : V → Q∗ are bounded linear operators and (f, g) ∈ V ∗×Q∗ =

X∗. Other examples of saddle-point systems include the Stokes equations and the equations
of linear elasticity, and mixed formulations of the Poisson problem and the biharmonic
problem.

Stability

It is well-known that system (14) has a solution (u, p) ∈ V ×Q = X if the Ladyzhenskaya-
Babuška-Brezzi (LBB) conditions are satisfied. The theorem and its proof can be found in
[12, chapter 2]. Here, a weaker form of the theorem will suffice.

Theorem 2.1. Assume A is bounded, self-adjoint and positive, and assume B is bounded.
In addition assume that there exists constants cA, cB > 0, such that

〈Av, v〉 ≥ c2
A‖v‖2V ∀v ∈ kerB ⊂ V (15a)

sup
v∈V

〈Bv, q〉
‖v‖V

≥ cB‖q‖Q ∀q ∈ Q (15b)

Then the saddle-point system (14) has a unique solution (u, p) ∈ V ×Q for every (f, g) ∈
V ∗ ×Q∗, and moreover

‖(u, p)‖V×Q ≤ c‖(f, g)‖V ∗×Q∗

for some constant c independent of u and p.

Its important to note that the estimates (15) do not imply that corresponding estimates
hold when U and Q are replaced with subspaces Vh ⊂ V and Qh ⊂ Q.

Preconditioning

Recall that the operator A in (14) maps X into its dual space X∗. This property commonly
holds for linear operators that arises from variational problems. To formulate the mini-
mum residual method and other Krylov subspace methods, it is then necessary introduce a
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preconditionerR−1 : X∗ → X in order to construct the Krylov subspace

Kk = span
{
R−1b, (R−1A)R−1b, . . . , (R−1A)k−1R−1b

}
.

For the minimum residual method, the preconditioner has to be a symmetric (R∗ = R) and
positive definite isomorphism, which means that the choice of preconditioner is equivalent
to a choice of inner product on X , in accordance with the Riesz-Fréchet theorem.

The performance of the minimum residual method depends on the spectrum of the pre-
conditioned coefficient matrix. A crude bound for the convergence rate can be determined
from the estimate

〈rk,R−1rk〉 ≤ 2

(
κ(R−1A)2 − 1

κ(R−1A)2 + 1

)k
〈r0,R−1r0〉,

where rk = b−Axk is the residual after k iterations, and κ is the condition number

κ(R−1A) =
supλ∈σp(R−1A)|λ|
infλ∈σp(R−1A)|λ|

where σp(R−1A) denotes the point spectrum (eigenvalues) of R−1A. For a more detailed
discussion of minres convergence rates, see e.g. [36, 32, 48] and the references therein.
In particular, the choice of preconditioner is important to ensure good convergence of the
method independently of discretisation parameters.

Assuming the conditions of theorem 2.1 hold, we know that there are constants c1, c2 >

0 such that

c−1
1 ‖x‖R ≤ ‖Ax‖R−1 ≤ c2‖x‖R,

where we use the notation ‖ · ‖R and ‖ · ‖R−1 to emphasise that the norms on X and X∗

are induced by R and R−1, respectively. Elementary computations, which we omit here,
reveals that this estimate can be used to determine an upper bound for the condition number
of the preconditioned system (and hence an upper bound for the minres convergence rate)
from

κ(R−1A) = ‖A‖‖A−1‖ ≤ c1c2.

In particular, if the estimates (15) can be shown to hold with constants independent of
problem parameters, it follows that the upper bound for the minres convergence rate will
also be bounded independently of the parameters.

Practical preconditioning

When solving discretised problems, A and R are replaced by discrete counterparts Ah
and Rh, which will typically have sparse matrix representations in the finite element basis.
However, the preconditioned minres method calls for the inverse of Rh which will usually
have a dense matrix representation in the same basis. In order to avoid the computation-
ally expensive computation R−1

h , we replace R−1
h with an approximation R̂−1

h . The ideal
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approximation R̂−1
h induces a norm equivalent to that of R−1

h (uniformly in h), and allows
for inexpensive matrix-vector operations. Such approximations can be constructed with
multilevel methods, see e.g. [8, 51, 10].

2.6 Regularisation

Remark. The functional in (2) can be written

Jα = J0 +
α

2

∫

Ω
f2 dx. (16)

Here, J0 measures the misfit, which we can consider the “real" quantity we seek to min-
imise, with second term being artificial penalty term. A naive approach would be solve the
inverse Poisson problem without the second term in the functional, i.e. to solve problem (3)
sense with α = 0. Unfortunately, this does not work.

In order to obtain meaningful solutions to a problem, we want the problem to be well-
posed as defined by Jacques Hadamard[33]: A problem is well-posed if a solutions exists,
the solution is unique and depend continuously on the data.

Inverse problems are typically not well-posed, and the last term of the functional in (2)
has been added to recover a well-posedness. This technique is an example of Tikhonov
regularisation (see e.g. [69, chapter 1]), and the parameter α > 0 determines the “strength"
of the regularisation: As α → 0, the problem becomes harder to solve, reflecting that it is
ill-posed in the limit α = 0. In practical terms, as α decreases, the condition number of the
optimality system increases, and the convergence rate of the minres iterations deteriorates.

2.7 Generalization

The example presented here is very simple because of the quadratic functional and lin-
ear constraint. Generally, PDE-constrained optimisation problems occurring in practice are
complicated by non-smooth functionals, nonlinear PDE constraints, and additional inequal-
ity constraint on the control or state variable. Consequently, the theory of PDE-constrained
optimisation is far richer than the elementary exposition presented here may indicate.

The mentioned complicating features typically results parametrised perturbations to the
problem and nested iterative schemes. For example, if the optimality conditions (6) are non-
linear, they will have to be solved iteratively, for example with a Newton method. Within
each Newton iteration, a linear saddle point system similar to (10) have to be solved. Al-
though the exposition above treats a simplistic PDE-constrained optimisation problem, the
methods are still applicable to more complex problems, as building blocks in more complex
solution methods.
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3 Parameter-robust preconditioning for a class of optimal con-
trol problems

Consider the optimal control problem where we minimise the functional

J(f, u) =
1

2
‖Tu− d‖2H +

α

2
‖f‖2F (17a)

over f and u in some Hilbert spaces F and V , and where T : V → H is an observation
operator, so that the first term in (17a) measures misfit with some data d. The minimisation
is subject to the constraint

Au+Bf = 0, (17b)

where A : V → W ∗ and B : F → W ∗ are bounded linear operator, for example those
arising from variational formulation of a linear PDE. The problem (17) can be solved with
the method of Lagrange multipliers, as described in section 2.2. The saddle point of the
Lagrangian

L(f, u, w) = J(f, u) + (Au+Bf)w.

is the solution of the linear optimality system

Ax =



αRF B

T ∗T A∗

B A






f

u

w


 =




0

T ∗d
0


 = b, (18)

where RF : F → F ∗ is the operator defining the inner product on F , i.e. (f, g)F = Rfg

for all f, g ∈ F .

3.1 Distributed control and observation

The most studied examples of (17) are variants of the “prototype problem” (3), with a
tracking-type functional constrained by an elliptic PDE. As an example, consider the prob-
lem

minimise: J(f, u) =
1

2
‖u− d‖2L2(Ω) +

α

2
‖f‖2L2(Ω) (19a)

subject to:

{
u−∆u+ f = 0 in Ω

∇u · n = 0 on ∂Ω
(19b)

Note that form PDE (19b) is chosen to simplify the presentation here, and the analysis can
be generalised to similar elliptic PDE constraints. The more important structure of (19), as
we will see, is that the control, state, and observational data are all distributed in over the
same domain Ω.

Assuming the same Galerkin discretisation Vh ⊂ H1(Ω) is employed for all three fields,
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the discretised optimality system reads

Ax =



αR0 R0

R0 R1

R0 R1






f

u

w


 =




0

R0d

0


 = b, (20)

where R0 and R1 are operators defining the L2(Ω) and H1(Ω) inner products Vh. Problem
(20) is a special case of the general problem (18), with T ∗T = B = RF = R0, equipping
it with a lot more structure to exploit thant the general problem.

Now the first equation of (20) allows for eliminating the control variable (see e.g.
[14, 38] for the case with additional control constraints), and this would reduce the compu-
tational costs of solving the system. Here we choose to retain the full system to preserve
the standard saddle point form of the system so that it can be analysed with the techniques
of sections 2.5 and 2.5, noting that analysis for the full system readily carries over to the
system with the control eliminated.

Since the optimisation problem is not well-posed in the absence of regularisation, the
condition number of the coefficient matrix in (18) blows up as α → 0. As a consequence,
the iteration numbers for a minres solver applied to (18) tend to increase as α decreases.

Considerable effort has gone into developing preconditioners for optimality systems
(18) that are robust with respect to the regularisation parameter α, in the sense that the
condition number for the preconditioned system is bounded independently of α ∈ (0, 1) as
well as of the mesh size.

For example, in [61] a robust preconditioner for (20) is developed. This block-diagonal
preconditioner reads

Bα =



αR0

R0

Ŝ


 (21)

and the robustness of the preconditioner follows from the Schur complement approximation

S =
1

α
R0 +R1R

−1
0 R1 ≈

(
R1 +

1√
α
R0

)
R−1

0

(
R1 +

1√
α
R0

)
= Ŝ,

which is valid for small values of α. A practical preconditioner is obtained by replacing
the inverse action R0 and R1 with less expensive approximations, e.g. Gauss-Seidel itera-
tions for R0 and multigrid cycles for R1. This method has been adapted to optimal control
problems with other PDE constraints, e.g. parabolic PDEs[53], convection diffusion[55],
Stokes[66] and Navier-Stokes[52]. Adaptions to problems with additional constraints can
be found in [65] and [54].

In [63] a robust preconditioner for (18) is derived using an operator preconditioning[3,
48] approach with nonstandard norms. The preconditioner, which differs from that in (21),
is defined

Bα =



αR0

R0 +
√
αR1

1
αR0 + 1√

α
R1


 (22)
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This technique has has been adapted to Stokes control in [74], time-periodic parabolic opti-
mal control in [40].

3.2 Generalizations

The base problem (17) is naturally generalised by letting observation and control be re-
stricted to parts of the domain of the state equation. For example let Ω1 ⊂ Ω and Ω2 ⊂ Ω

be open subsets, and consider the problem

minimise: J(f, u) =
1

2
‖u− d‖2L2(Ω1) +

α

2
‖f‖2L2(Ω2),

subject to:





u−∆u+ f = 0 in Ω2

u−∆u = 0 in Ω \ Ω2

∇u · n = 0 on ∂Ω.

This problem was investigated in a more general setting, including additional constraints, in
[62]. However, when Ω1 and Ω2 are proper subsets, it is not clear how to obtain a practical
preconditioner, and the problem is even more challenging if the two regions do not overlap.

Other interesting problems arise when the controlled or observed region is restricted
to the boundary or another set of lower topological dimension. Some classes of bound-
ary control problems with observation across the domain were studied in [53] and robust
preconditioners were derived by constructing an approximate Schur complement similar to
(21). In [20], a robust preconditioning technique for a similar problem where the control is
regularised in the weaker norm of the dual space H1(Ω)∗.

The model problem for boundary observation reads

minimise: J(f, u) =
1

2
‖u− d‖2L2(∂Ω) +

α

2
‖f‖2L2(Ω), (24a)

subject to:

{
u−∆u+ f = 0 in Ω

∇u · n = 0 on ∂Ω.
(24b)

Note that the only change compared to (20) is that only boundary values are fitted to the
data. The corresponding optimality system reads

Ax =



αR0 R0

R0,∂Ω R1

R0 R1






f

u

w


 =




0

R0,∂Ωd

0


 = b, (25)

which is similar to (20) but the operator R0,∂Ω, associated with the L2(∂Ω) inner product,
has a nontrivial kernel, consisting of all the functions that vanish on the boundary. This
significantly changes the structure of the problem compared (20), in particular the Schur
complement used to derive (21) cannot be formed and the coercivity estimates used to derive
(22) breaks down.
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3.3 Paper I

In this paper we derive a robust preconditioning technique for the optimality system problem
(25). The method is based on a reformulation of the problem, assuming higher regularity of
the state variable. This approach allows establishing parameter-dependent norms in which
the operator of (25) defines an isomorphism.

It is well-known that the solution of elliptic PDEs may have better than H1-regularity,
depending on the domain and boundary conditions, as well as the smoothness of the source
term and any coefficients in the PDE. For the simple PDE under consideration, the following
holds.

Theorem 3.1. Let Ω be a C1,1 domain or a convex domain, and let f ∈ L2(Ω). Then there
is a u ∈ H2(Ω) satisfying the boundary value problem (24b), with

‖u‖H2(Ω) ≤ C‖f‖L2(Ω)

for some constant C depending only on the domain Ω.

For a more general statement and proof, see the classical texts [29, 28]. For a non-
convex polygonal domain, the solution will be in the linear span of H2(Ω) and a finite
number (equal to the number of reentrant corners) of basis functions that areH2-unbounded
in the neighbourhood of a reentrant corner.

The improved regularity allows for formulating the optimality system (24) in L2(Ω) ×
H2(Ω) × L2(Ω), where H2(Ω) is understood to have the boundary condition imposed,
instead of “standard setting” of L2(Ω)×H1(Ω)×H1(Ω).

In this new formulation, the optimality system assumes the form

Aαx =



αR0 R0

R0,∂Ω A∗

R0 A






f

u

z


 =




0

R0,∂Ωd

0


 (26)

where the operator A is not symmetric, since integration by parts is not carried out as in the
standard variational form of the Laplacian. We show that the operatorAα is stable in norms
induced by the symmetric positive isomorphism

Rα =



αR0

R0,∂Ω + αR2

R0


 (27)

where R2 is an operator defining the standard inner product on H2(Ω). A robust block-
preconditioner for the optimality system (26) can be based on (27). For example, by using
multigrid cycles to construct an approximate inverse to the (2,2) block of (27), and sym-
metric Gauss-Seidel iterations for approximate inversion of the (1,1) and (3,3) blocks. The
analysis is supported with numerical results.
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3.4 Conclusions

The method presented in the paper relies on a reformulation of the method with an assump-
tion of more regularity on state variable. If the domain Ω satisfies the conditions of theorem
3.1, then solution does not change under this reformulation. On the other hand, if the condi-
tions are not satisfied, then the new formulation excludes solutions that areH2(Ω)-defective
in a neighbourhood of the reentrant corners. This is not necessarily a significant drawback.
For instance, H2-defective solutions may be considered discretisation artifacts if we are
using a polygon to approximate a smooth domain Ω.

A more severe limitation appears when the PDE constraint (24b) is complicated with
the introduction of spatially varying coefficients. In this case, we would have to impose
smoothness requirements on the coefficients to ensure H2-regularity of the state variable.

A more practical consequence is that finite-dimensional subspaces H2(Ω) can be more
complicated to construct. In particular, C1 finite element methods with nodal polynomial
basis functions becomes nearly intractable in three dimensions[73]. Alternative discretisa-
tion schemes such as iso-geometric analysis[17] and virtual element methods[13] may be
more suitable, but it is not clear how to obtain effective multilevel preconditioners for the
fourth order block in (27). Another possibility would be to use nonconforming methods as
in [11], where a C0 interior penalty method was used to discretise the model problem (19).

The technique presented in the paper can be adapted to similar problems with distributed
control. In the abstract setting of (17), the fourth operator takes the form

Rα = T ∗T + αA∗A.

An interesting example is the parabolic problem A = ∂t + (1−∆), from which we obtain
an anisotropic operator A∗A = −∂2

t + (1 −∆)2. Multilevel techniques may then be used
to construct an approximate inverse to Rα as in [27]. This approach is interesting as the
parabolic equation does not have to solved as part of the iterative scheme.

Finally, it is worth pointing out that the robust preconditioning techniques we have
discussed in no way gets around the fundamental issue of the inverse problem being ill-
posed in absence of regularisation. Such techniques shift the α-dependence of the condition
number of the preconditioned system over to the stopping criterion of the iterative scheme.
The merit of α-independent preconditioning is limited, since the cost of solving the problem
to a parameter-independent tolerance stays roughly the same. See e.g. [49] for a discussion
of minres performance with standard norms.
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4 Parameter-robust preconditioning for a class of saddle point
problems with trace constraints coupling problems of differ-
ent dimensionality

In this section let Ω ⊂ Rn, n = 2, 3, be an open and bounded Lipschitz domain, and let Γ

be a be submanifold of Ω of topological dimension n− k, k = 1, 2. Consider the problem

−∆u+ σδΓp = f in Ω (28a)

−∆v − p = g on Γ (28b)

σu− v = 0 on Γ. (28c)

Here σ > 0 is a parameter and δΓ denotes Hausdorff measure concentrated on Γ, i.e.
δΓ(U) = Hn−k(U ∩ Γ) for open U ⊂ Rn. The measure is δΓ has properties similar to
that of the atomic Dirac measure, and its presence in (28) implies that the problem must
be understood in a variational sense. For simplicity, we assume homogeneous Dirichlet
boundary conditions for u and v.

Problem (28) arises as a limit of the problem

−∇ ·
[
(1 + φεσ)∇u

]
= f + φεg,

where φε(x) = ε−1φ(ε−1 dist(x,Γ)) and φ ∈ C∞(R;R+) with suppφ ⊂ [0, 1) and∫
R φdx = 1. In other words, Γ can be considered a lower-dimension approximation of

a thin, highly conductive structure. The problem is relevant to biomedical applications cou-
pling fluid flow through tissue with flow along vascular networks, avoiding the difficulties
of having to fully resolve the complex structure of the vasculature[19, 15, 18, 2].

The system of equations (28) can also be derived from the minimisation problem

minimise:
∫

Ω

1

2
|∇u|2 − fu dx+

∫

Γ

1

2
|∇v|2 − gv ds (29a)

subject to: σγΓu = v, (29b)

where γΓ denotes a suitable trace operator, i.e. γΓu = u|Γ for u ∈ C(Ω). This minimisation
problem is a constrained minimisation problem similar to (3) treated in section 2, although
the constraint is not a PDE. In particular, the method of Lagrange multipliers is applicable
to (29), with the resulting optimality conditions (28), the variable p playing the role of the
Lagrange multiplier for the trace constraints.

The problem (29) is relevant to domain decomposition methods with Lagrange multi-
pliers [46] and problems coupling finite element and boundary element methods such as
[25, 35]. A fourth-order problem similar to (29) can be used to model the bending of thin
plates reinforced with ribs [70, chapter 9].

The mapping properties of the trace operator is central to this problem, and we briefly
recall some of the relevant theory. The Besov space Bs

p,p(Ω), s ∈ (0, 1), 1 ≤ p < ∞ is
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formally defined as an interpolation space [6, 1] and can be equipped with the norm

‖u‖Bs
p,p(Ω) =

(∫∫

Ω×Ω

|u(x)− u(y)|p
|x− y|n−sp

dxdy

) 1
p

(30)

Let γ : C(Rn+1) → C(Rn) be the trace operator defined γu(x1, . . . , xn+1) = u(x1,

. . . , xn, 0). The following theorem characterising the traces of Sobolev and Bseov functions
can be found textbooks, see e.g. [1, chapter 8] and [71, chapter 2].

Theorem 4.1. Let 1 < p <∞.

1. The trace operator is bounded as a mapping of W 1,p(Rn) into the Besov space
B

1−1/p
p,p (Rn) and has a bounded right inverse.

2. The trace operator is bounded as a mapping from Bs
p,p(Rn+1) into the Besov space

B
s−1/p
p,p (Rn) for s > 1/p, and it has a bounded right inverse for all s ∈ (0, 1).

For Γ with codimension 1, theorem 4.1 (along with standard extension theorems) es-
tablishes that γΓ : H1(Ω) → H1/2(Γ) is bounded and surjective. In this case, the problem
(28) is very closely related to an immersed boundary problem, where the Dirichlet boundary
conditions are imposed using the method of Lagrange multipliers, see e.g. [4, 57].

For Γ with codimesion 2, the situation is more complicated. Theorem 4.1 does not
allow for taking consecutive traces of H1-functions into L2, in fact this operation is known
to be unbounded [44, chapter 3]. Boundedness can be be recovered by imposing additional
smoothness or integrability on the function space. In [19] weighted Sobolev spaces W 1,p

w

were used to impose improved integrability locally around a one-dimensional Γ, allowing
for well-defined traces from W 1,p

w (R3) into L2(Γ).

4.1 Paper II

In this paper we develop robust preconditioners for the system (28). As remarked above,
(28) defines the optimality conditions for the minimisation problem (29), hence naturally
have a saddle point structure. Babuska-Brezzi theory (see e.g. [12, chapter 2]) provides
framework for analysing such systems, and ideal preconditioners are derived from the the-
ory of operator preconditioning[48].

Only the case of a 2D-1D coupling is considered, so that the trace is well-defined with
standard spaces. The natural function space setting for (28) is then (u, v) ∈ H1

0 (Ω)×H1(Γ)

for the primary variables, and for the Lagrange mulitplier p we identify a suitable fractional
space.

The presence of homogeneous boundary conditions means that the image of the trace is
characterized asH1/2

00 (Γ), defined as the linear subspace ofH1/2(Γ) consisting of functions
that can, in a specific sense, be extended by zero outside of Γ. More precisely, if Γ̃ is a
(Lipschitz) curve such that Γ ⊂ Γ̃, H1/2

00 (Γ) is defined as the completion of D(Γ) in the
norm

‖v‖
H

1/2
00 (Γ)

= ‖ṽ‖H1/2(Γ̃) where ṽ(x) =

{
v(x) if x ∈ Γ

0 otherwise .
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Note that space H1/2
00 (Γ) is independent (up to norm equivalence) of the extension domain

Γ̃ which is used only for theoretical considerations.
With the choice of spaces outlined above, the problem (28) takes the form of a saddle-

point system

Ax



AΩ σγ∗

AΓ j∗

σγ j






u

v

p


 =



f

g

0


 = b (31)

Where AΩ and AΓ denotes the variational Laplacian on Ω and Γ respectively, and j denotes
the continuous embedding of H1

0 (Γ) into H1/2
00 (Γ). We define parameter-dependent spaces

V and Q,

V = H1
0 (Ω)×H1

0 (Γ)

Q = H−1(Ω) ∩ σH1/2
00 (Γ)∗,

where the norms are given by

‖(u, v)‖V =
(
‖u‖2H1(Ω) + ‖v‖2H1(Γ)

) 1
2 (32a)

‖p‖Q =
(
‖p‖2H−1(Γ) + σ2‖p‖2H1/2(Γ)∗

) 1
2
. (32b)

The system (31) has standard saddle point form, and is readily analysed with Babuška-
Brezzi theory[12, chapter 2]. In the paper we show that the coefficient matrix A : in (31)
defines an isomorphism mapping V × Q onto V ∗ × Q∗, such that both ‖A‖ and ‖A−1‖
are bounded independently of σ. This demonstrates the well-posedness of the problem, and
additionally, in accordance with operator preconditioning techniques[48], an ideal precon-
ditioner is provided by the Riesz operator associated with the norms (32).

The stability estimates for (31) do not in general apply when V and Q are replaced with
discrete subspaces, making it necessary to identify stable subspaces Vh ⊂ V and Qh ⊂ Q.
If Vh is a finite element space and Γ does not intersect element interiors, we can simply take
take Qh to be the exact trace space of Vh, and the numerical experiments in the paper are
carried out in this setting. In the general case, one would have to more carefully select the
subspace Qh to ensure that the trace constraint is not too strong[4, 57].

For preconditioning the discretised systems, we need a computationally inexpensive
operator that is spectrally equivalent with Riesz operator associated with the fractional norm
(30). However, the non-local nature of the fractional norm makes it impractical to work
with directly. Instead, we use a spectral construction of the fractional operator following
[44, chapter 3]. This operator induces a norm equivalent to (30), a consequence of the
fact that essentially all interpolation methods coincide on Hilbert spaces[16]. The smaller
size and tri-diagonal structure of the discrete 1D Laplacian makes this approach viable in
terms of computational expense. In the paper we present numerical results demonstrating
effectiveness this technique.
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4.2 Conclusions

In the paper only the 2D–1D problem is considered. While the analysis can also be car-
ried out in the 3D–2D setting, a preconditioner based on matrix diagonalisation would scale
poorly without a tri-diagonal structure to exploit. Therefore, the method presented in the
paper is not suitable if the dimension of Qh is large, and other methods for constructing an
approximate fractional operator with better scaling properties should be used instead. For
example an approximate Poincaré-Stekhlov operator can be constructed, using one multi-
grid V-cycle on AΩ. Other approaches include approximating the fractional operator with
contour integrals as in [34], or applying BPX preconditioning techniques[9, 7].

Another limitation is that the tridiagonal structure of AΓ may break down even in the
2D–1D setting. This happens if the problem is discretised with polynomial elements of
degree > 1, or if the 1D structure is branching. Possible remedies for this is making use of
first order elements on a refined mesh for constructing the preconditioner, and using domain
decomposition techniques for the branching.

The analysis presented in the paper does not easily generalise to the much more interest-
ing 3D–1D setting. However, the smaller size of the 1D domain means the diagonalisation
technique may useful. In [41] some results for this approach are presented without analysis.

5 Variational data assimilation for transient blood flow

Cerebral aneurysms are present in about 5% of the population[5]. The risk of rupture is
fairly low, but when it happens, it fatal in more than half the cases, the half the survivors
suffers morbidity. Detailed characteristics of the cerebral blood flow can potentially assist
medical professionals in identifying the aneurysms having the great risk of rupture.

Imaging techniques, such as ultrasound and phase-contrast magnetic resonance imaging
(PC-MRI), can provide non-invasive measurements of flow of the arterial bloodflow in the
brain. However, the data obtained with these techniques may not have sufficient resolution
to provide the detailed characteristics desired.

In recent years computational fluid mechanics (CFD) has received a lot of attention
as a tool for investigating cerebral blood flow. The high temporal and spatial resolution
afforded by CFD can reveal potentially important flow characteristic, for example turbulent
or transitional flow, and allow for computation of quantities that cannot be directly measured
in patient, such as pressure and wall shear stresses.

The accuracy of CFD simulation naturally depends on the computational model used
and the inputs provided to it. Modelling the blood as a Newtonian fluid and disregarding
the interaction between the fluid and the vessel walls been shown to be reasonable modelling
simplifications. The uncertainty of the inputs, specifically the geometry and the boundary
conditions, remains the main source of inaccuracy in simulations[59, 60, 21, 64]. In par-
ticular, this applies to the flow or pressure values prescribed on the artificial boundaries of
the computational domain resulting from simulating only a part of the arterial system. Nu-
merical simulations are highly sensitive to such values since they essentially determine the
division of flow between the branches of arterial bifurcations.
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One way of obtaining suitable boundary conditions is to combine the hemodynamical
model with a simplified model for the cardiovascular system, providing averaged values
pressure values or flow rates at the boundaries. A mathematical framework for this has been
developed in [37, 72, 23, 24].

Another way to account for the unknown boundary conditions is to make use of mea-
surements of the flow velocity field. Using the measurement values for the boundary con-
ditions is likely to produce poor results, due to the poor resolution and presence of noise in
the data.

A more robust approach is solving the inverse problem of recovering the boundary con-
ditions that best reproduces the measured flow. This form of optimal control problem for
the Navier-Stokes equations have been investigated in e.g. [26, 30, 43]. A theoretical frame-
work in the hemodynamics context has been developed in [67, 31, 68], where the authors
considered stationary flow with measurement data from crossections of the flow. A similar
inverse problem have also been investigated in [39], and with reduced order methods in
[47, 42]. Other related works includes compliance recovery[56] and shape optimisation[58]
in a hemodynamical context.

5.1 Paper III

In this paper we apply variational data assimilation techniques to transient blood flow. We
aim to minimise misfit between simulation and data, measured with the functional

J(f, u) =
1

2
‖Tu− d‖2H +

α

2
‖f‖2F , (33)

where d ∈ H is the observational data, belonging to some Hilbert space H , and u is a
solution of the hemodynamic model given boundary conditions f ∈ F as input parameters,
for some Hilbert space F . The operator T , mapping velocity fields to data, can be thought
of as a virtual measuring device, and ideally, mimics the MRI machine.

The model we use for the blood flow is the incompressible Navier-Stokes equations
with Newtonian viscosity. In scaled quantities, the equations reads

ut + (u · ∇)u− Re−1 ∆u−∇p = 0 (34a)

∇ · u = 0, (34b)

where Re is the Reynolds number, which here is typically around 350 for blood flow in
cerebral arteries.

The PDE model must be closed with suitable boundary conditions. For this, we assume
stationary vessel walls with noslip condition. The velocity field on the remaining parts of
the boundary, the inlet and outlets of the computational domain, are unknowns that we want
obtain from solving the inverse problem. However, prescribing a velocity to all inlets and
outlets is known to adversely affect the stability of numerical simulation, and will result in
an inconsistent problem if the net flow is nonzero.

A more practical approach is to prescribe velocity fields for the inlet and all but one
outlets, and for the last outlet impose a traction-free condition. In summary, the boundary
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conditions reads

u = 0 on Γwall (35a)

u = fi on Γi, i = 0, . . . ,m− 1 (35b)

(Re−1∇u+ Ip)n = 0 on Γm, (35c)

where ∂Ω = Γwall ∪mi=0 Γi.
The resulting optimisation problem reads

minimise: J(f, u)

subject to: (34)–(35)
(36)

and can be solved with methods discussed in section 2, adapted to the nonlinear PDE con-
straint for this problem. Here, we solve the reduced problem using the LBFGS algorithm, a
robust method for large unconstrained optimisation problems.

The LBFGS is a descent algorithm that can be written in general form (12), where
Rk : F ∗ → F is an iteratively constructed approximation of the inverse Hessian. The
constructed operators Rk build on an initial operator R0 = RF , the operator determining
the inner product on F , which is such a way that RF has an easily invertible tensor product
structure. Combined by choosing step lengths ωk that satisfy the strong Wolfe conditions,
this ensures convergence of the method (see e.g. [50, chapter 6])

The PDE is linearised with NewtonÂt’s method and discretised with stabilised P1-P1
elements using FEniCS[45]. The discretely consistent derivative is derived automatically
using dolfin-adjoint[22].

The method is tested on a 2D and 3D test cases. For the 2D case, we generate synthetic
data and examine the effect of noise and regularisation. For the 3D test case, we use geome-
try and measurement data obtained from 4D-PCMRI of an aneurysm in a dog. We compare
the solution to (36) with a state of the art solver for the forward problem, where the flow
boundary conditions are determined by vessel diameter and an idealised heart cycle.

5.2 Conclusions

We have demonstrated the feasibility of solving the inverse problem (36) for a transient flow
in a realistic 3D geometry. However, there are several limitations to the method as we have
implemented it. For one, to compare measurement data simulated velocity, we interpolated
the data on the simulation mesh. Ideally, the simulated velocity would instead be subjected
to an observation operator that mimics the MRI machine, but it not clear to us how this
should be done in practice.

Another limitation is that for the 3D test case, the physicals models were not the same.
To keep the computational cost of the two approaches roughly equal, the viscosity was
increased for the inverse problem. This makes it difficult to draw a meaningful conclusion
from the comparison.
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1 Introduction

Consider the model problem:

min
f, u

{
1

2
‖u − d‖2L2(∂Ω)

+ α

2
‖ f ‖2L2(Ω)

}
, (1)

on a Lipschitz domain Ω ⊂ R
n , subject to

−Δu + u + f = 0 in Ω, (2)

∂u

∂n
= 0 on ∂Ω. (3)

This minimization task is similar to the standard example considered in PDE-
constrained optimization. But instead of assuming that observation data is available
everywhere inΩ , we consider the casewhere observations are only given at the bound-
ary ∂Ω of Ω , that is d ∈ L2(∂Ω), see the first term in (1). For problems of the form
(1)–(3), in which the objective functional is replaced by

1

2
‖u − d‖2L2(Ω)

+ α

2
‖ f ‖2L2(Ω)

(4)

very efficient preconditioners have been developed for the associated KKT system. In
fact, by employing proper α-dependent scalings of the involved Hilbert spaces [14],
or by using a Schur complement approach [13], methods that are robust with respect
to the size of the regularization parameter α have been developed. More specifically,
the condition number of the preconditioned optimality system is small and bounded
independently of 0 < α � 1 and the mesh size h. This ensures good performance
for suitable Krylov subspace methods, e.g. the minimum residual method (Minres),
independently of both parameters. These techniques have been extended to handle
time dependent problems [12] and PDE-constrained optimization with Stokes equa-
tions [17], but the rigorous analysis of α-independent bounds always requires that
observations are available throughout all of Ω .

For cases with limited observations, for example with cost-functionals of the
form (1), efficient preconditioners are also available for a rather large class of PDE-
constrained optimization problems, see [10,11]. But these techniques do not yield
convergence rates, for the preconditioned KKT-system, that are completely robust
with respect to the size of the regularization parameter α. Instead, the number of pre-
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conditionedMinres iterations grows logarithmically1 with respect to the size of α−1,
as α → 0:

a + b log10
(
α−1

)
(5)

for constants a, b independent of α. According to the numerical experiments presented
in [11], the size of b may become significant. More specifically, b ∈ [5, 50] for
problems with simple elliptic state equations posed on rectangles. Thus, for small
values of α,Minresmay require rather many iterations to converge—even though the
growth in iteration numbers is only logarithmic.

In practice, observations are rarely available throughout the entire domain of the
state equation. On the contrary, the purpose of solving an inverse problem is typically
to use data recorded at the surface of an object to compute internal properties of that
object: Impedance tomography, the inverse problem of electrocardiography (ECG),
computerized tomography (CT), etc. This fact, combined with the discussion above,
motivate the need for further improving numerical methods for solving KKT systems
arising in connection with PDE-constrained optimization.

This paper is organized as follows. In the next section we derive the KKT system
associated with the model problem (1)–(3). Our α robust preconditioner is presented
in Sect. 3, along with a number of numerical experiments. Sections 4 and 5 contain
our analysis, and the method is generalized in Sects. 6 and 7. In Sect. 8 we discuss
the preconditioner when applied to a standard finite element approximation of the
problem. Section 9 provides a discussion of our findings, including their limitations.

2 KKT system

Consider the PDE (2)with the boundary condition (3).A solution u to this elliptic PDE,
with source term f ∈ L2(Ω), is known to have improved regularity, i.e. u ∈ Hs(Ω),
for some s ∈ [1, 2], with s depending on the domain Ω . In the remainder of this paper
we assume that the solution u is in H2(Ω) for any source term f ∈ L2(Ω). This
assumption is known to hold if Ω is convex or if ∂Ω is C2, see e.g. [5,7].

When solutions to (2) exhibit H2(Ω)-regularity, we can write the problem on the
non-standard variational form: Find u ∈ H̄2(Ω) such that

(−Δu + u, w)L2(Ω) + ( f, w)L2(Ω) = 0 ∀w ∈ L2(Ω), (6)

where

H̄2(Ω) =
{
φ ∈ H2(Ω)

∣∣∣∣ ∂φ

∂n
= 0 on ∂Ω

}
,

1 In [10,11] it is proved that the number of needed preconditioned Minres iterations cannot grow faster
than

a + b
[
log10

(
α−1

)]2
.

Furthermore, in [11] it is explained why iterations counts of the kind (5) often will occur in practice.
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equipped with the inner product

(u, v)H2(Ω) =
∫

Ω

∇2u : ∇2v + ∇u · ∇v + uv dx

=
∫

Ω

ΔuΔv + ∇u · ∇v + uv dx . (7)

Here ∇2u denotes the Hessian of u, and the second identity is due to the boundary
condition ∂u

∂n = 0 imposed on the space H̄2(Ω).
We will see below that, in order to design a regularization robust preconditioner

for (1)–(3), it is convenient to express the state equation in the form (6), instead of
employing integration by parts/Green’s formula to write it on the standard self-adjoint
form.

2.1 Optimality system

We may express (1)–(3) in the form:

min
f ∈L2(Ω), u∈H̄2(Ω)

{
1

2
‖u − d‖2L2(∂Ω)

+ α

2
‖ f ‖2L2(Ω)

}
(8)

subject to
(−Δu + u, w)L2(Ω) + ( f, w)L2(Ω) = 0 ∀w ∈ L2(Ω). (9)

The associated Lagrangian reads

L( f, u, w) = 1

2
‖u − d‖2L2(∂Ω)

+ α

2
‖ f ‖2L2(Ω)

+ ( f − Δu + u, w)L2(Ω),

with f ∈ L2(Ω), u ∈ H̄2(Ω) and w ∈ L2(Ω). From the first order optimality
conditions

∂L
∂ f

= 0,
∂L
∂u

= 0,
∂L
∂w

= 0,

we obtain the optimality system: determine ( f, u, w) ∈ L2(Ω) × H̄2(Ω) × L2(Ω)

such that

α( f, ψ)L2(Ω) + (ψ,w)L2(Ω) = 0 ∀ψ ∈ L2(Ω), (10)

(u − d, φ)L2(∂Ω) + (−Δφ + φ,w)L2(Ω) = 0 ∀φ ∈ H̄2(Ω), (11)

( f, ξ)L2(Ω) + (−Δu + u, ξ)L2(Ω) = 0 ∀ξ ∈ L2(Ω). (12)
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3 Numerical experiments

Prior to analyzing our model problem, we will consider some numerical experiments.
Discretization of (10)–(12) yields an algebraic system of the form

⎡
⎣αM 0 M

0 M∂ AT

M A 0

⎤
⎦

︸ ︷︷ ︸
Aα

⎡
⎣ f

u
w

⎤
⎦ =

⎡
⎣ 0

M̃∂d
0

⎤
⎦ , (13)

where M is a mass matrix, the discretization of the L2(Ω) inner product. M∂ is a
mass matrix associated with the boundary ∂Ω of Ω . A is a matrix that arises upon
discretization of the operator (1−Δ). Since we write the state equation on a non self-
adjoint form, A will not be the usual sum of the stiffness and mass matrices. Instead,
Eq. (6) is discretized with subspaces of H̄2(Ω) and L2(Ω). Consequently, A will in
general not be a square matrix.

In (13), we have implicitly used the same discretization for the control variable and
the Lagrange multiplier. In (10)–(12), both variables belong to L2(Ω), so it seems
natural to preserve this correspondence in the discretization. In fact, we can see from
(10) that f = −α−1w, so the control could be eliminated from the system prior to
the discretization. This would result in a 2 × 2 block system in place of (13). While
solving the smaller system is more practical in terms of computational costs, we find
that the analysis is more clearly presented for the 3 × 3 system (13).

In the current numerical experiments, we employ the Bogner–Fox–Schmit (BFS)
rectangle for discretizing the state variable u ∈ H̄2(Ω). That is, the finite element
field consists of bicubic polynomials that are continuous, have continuous first order
derivatives and mixed second order derivatives at each vertex of the mesh. BFS ele-
ments areC1 on rectangles and therefore H2-conforming. The control f and Lagrange
multiplier w are discretized with discontinuous bicubic elements.

We propose to precondition (13) with the block-diagonal matrix

Bα =
⎡
⎣αM 0 0

0 αR + M∂ 0
0 0 1

α
M

⎤
⎦

−1

, (14)

where R results from a discretization of the bilinear form b(·, ·) on H̄2(Ω):

b(u, v) = (u, v)H2(Ω) +
∫

Ω

∇u · ∇v dx . (15)

In the experiments presented below, we used this bilinear form to construct a multigrid
approximation of (αR + M∂ )

−1.

Remark The bilinear form (15) is equivalent to the inner product on H̄2(Ω). The
additional term stems from our choice of implementing a multigrid algorithm for the
bilinear form associated with the operator (Δ − 1)2 = Δ2 − 2Δ + 1. Indeed, the
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bilinear form αb( · , · ) + ( · , · )L2(∂Ω) can be seen to coincide with the variational
form associated with the fourth order problem

α(Δ − 1)2u = f in Ω, (16)
∂u

∂n
= 0 on ∂Ω, (17)

α
∂Δu

∂n
= u on ∂Ω. (18)

To limit the technical complexity of the implementation, we considered the problem
(1)–(3) on the unit square in two dimensions. The experiments were implemented in
Python and SciPy. The meshes were uniform rectangular, with the coarsest level for
the multigrid solver consisting of 8 × 8 rectangles. Figure 1 shows an example of a
solution of the optimality system (13).

3.1 Eigenvalues

Let us first consider the exact preconditioner Bα defined in (14). If Bα is a good
preconditioner for the discrete optimality system (13), then the spectral condition
number of BαAα should be small and bounded, independently of the size of both the
regularization parameter α and the discretization parameter h.

The eigenvalues of this preconditioned system were computed by solving the gen-
eralized eigenvalue problem

Aαx = λB−1
α x .

We found that the absolute value of the eigenvalues λ were bounded, with

0.445 ≤ |λ| ≤ 1.809,

uniformly in α ∈ {1, 10−1, . . . , 10−10} and h ∈ {2−2, . . . , 2−5}. This yields a uniform
condition number k(BαAα) ≈ 4.05. The spectra of the preconditioned systems are
pictured in Fig. 2 for some choices of α. The spectra are clearly divided into three
bounded intervals, and the eigenvalues are more clustered for α ≈ 1 and for very
small α.

3.2 Multilevel preconditioning

In practice, the action ofBα is replacedwith a less computationally expensive operation
B̂α . Note that Bα has a block structure, and that computationally efficient approxima-
tions can be constructed for the individual blocks. The only challenging block of
the preconditioner is the biharmonic operator αR + M∂ . Order optimal multilevel
algorithms for forth order operators discretized with the Bogner–Fox–Schmit was
developed in [16]. Specifically, it was shown that a multigrid V-cycle using a symmet-
ric 4 × 4 block Gauss–Seidel smoother, where the blocks contain the matrix entries
corresponding to all degrees of freedom associate with a vertex in the mesh, results
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(a) (b)

(c) (d)

Fig. 1 An example of a solution of (13). The observation data d was generated with the forward model,
using the “true” control 4x(1 − x) + y shown in panel (d). Solutions to the unregularized problem are
non-unique, and the generating control cannot be (exactly) recovered. The figures were generated with
mesh parameter h = 1/128 and regularization parameter α = 10−6. a Observation data d. The forward
model was solved for the control shown in d, but only the boundary values can be observed. b Computed
optimal state u based on the observation data shown in a. c Computed optimal control f based on the
observation data in a. d The “true” control function used to generate the observation data in a

in an order optimal approximation. The remaing blocks of the preconditioners are
weighted mass matrices which are efficiently handled by two symmetric Gauss-Seidel
iterations for the (1,1) and (3,3) blocks.

We estimated condition numbers of the individual blocks of B−1
α preconditioned

with their respective approximations. The results are reported in Tables 1 and 2. A
slight deterioration in the performance of the multigrid cycle can be seen for very
small values of α > 0.

3.3 Iteration numbers

To verify that also B̂α is an effective preconditioner for Aα , we applied the Minres
scheme to the system
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(a) (b)

(c) (d)

Fig. 2 Spectrum of BαAα for different regularization parameters α. The discretization parameter was
h = 2−4 for all figures

Table 1 Condition numbers of
M preconditioned with
symmetric Gauss–Seidel
iterations

Iterations 1 2 3

(h = 2−8) 1.931 1.303 1.126

B̂αAαx = B̂αb.

For the results presented in Table 3, theMinres iteration process was stopped as soon
as

(rk, B̂αrk)

(r0, B̂αr0)
= (Aαxk − b, B̂α{Aαxk − b})

(Aαx0 − b, B̂α{Aαx0 − b}) ≤ ε, (19)

which is the standard termination criterion for the preconditioned Minres scheme,
provided that the preconditioner is SPD. A random initial guess x0 was used, and the
tolerance was set to ε = 10−12.

4 Analysis of the KKT system

Recall that our optimality system reads:

α( f, ψ)L2(Ω) + (ψ,w)L2(Ω) = 0 ∀ψ ∈ L2(Ω),
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Table 2 Estimated condition
numbers of αR + M∂

preconditioned with one V-cycle
multigrid iteration

α\h 2−4 2−6 2−8

1 1.130 1.136 1.140

10−4 1.129 1.135 1.139

10−8 1.237 1.150 1.149

10−12 1.252 1.259 1.253

Table 3 Number of
preconditioned Minres
iterations needed to solve the
optimality system to a relative
error tolerance ε = 10−12

Estimated condition numbers in
parentheses, computed from
conjugate gradient iterations on
the normal equations for the
preconditioned optimality
system

α\h 2−4 2−5 2−6 2−7

1 53( 4.33) 53 (4.36) 53 (4.36) 53 (4.36)

10−1 57 (4.31) 57 (4.34) 57 (4.35) 57 (4.35)

10−2 75 (4.31) 72 (4.34) 70 (4.35) 68 (4.35)

10−3 79 (4.31) 79 (4.34) 77 (4.35) 73 (4.35)

10−4 81 (4.30) 81 (4.33) 79 (4.35) 77 (4.35)

10−5 82 (4.33) 81 (4.33) 79 (4.35) 79 (4.35)

10−6 81 (4.35) 79 (4.36) 79 (4.35) 81 (4.35)

10−7 70 (4.35) 81 (4.37) 81 (4.36) 79 (4.35)

10−8 62 (4.36) 70 (4.36) 79 (4.36) 81 (4.36)

10−9 62 (4.36) 64 (4.37) 68 (4.37) 78 (4.36)

10−10 62 (4.36) 63 (4.36) 64 (4.37) 67 (4.37)

(u − d, φ)L2(∂Ω) + (−Δφ + φ,w)L2(Ω) = 0 ∀φ ∈ H̄2(Ω),

( f, ξ)L2(Ω) + (−Δu + u, ξ)L2(Ω) = 0 ∀ξ ∈ L2(Ω),

with unknowns f ∈ L2(Ω), u ∈ H̄2(Ω) and w ∈ L2(Ω). We may write this KKT
system in the form:

Determine ( f, u, w) ∈ L2(Ω) × H̄2(Ω) × L2(Ω) such that

⎡
⎣αM 0 M ′

0 M∂ A′
M A 0

⎤
⎦

︸ ︷︷ ︸
Aα

⎡
⎣ f

u
w

⎤
⎦ =

⎡
⎣ 0

M̃∂d
0

⎤
⎦ , (20)

where

M : L2(Ω) → L2(Ω)
′
, f �→ ( f, · )L2(Ω), (21)

M∂ : H̄2(Ω) → H̄2(Ω)
′
, u �→ (u, · )L2(∂Ω), (22)

M̃∂ : L2(∂Ω) → H̄2(Ω)
′
, d �→ (d, · )L2(∂Ω), (23)

A : H̄2(Ω) → L2(Ω)
′
, u �→ (−Δu + u, · )L2(Ω), (24)
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and the notation “′” is used to denote dual operators and dual spaces. In the rest of this
paper, the symbols M , M∂ and A will represent the mappings defined in (21), (22)
and (24), respectively, and not (the associated) matrices, as was the case in Sect. 3.
We believe that this mild ambiguity improves the readability of the present text.

By using standard techniques for saddle point problems, one can show that the
system (20) satisfies the Brezzi conditions [1], provided that α > 0. Therefore, for
every α > 0, this set of equations has a unique solution. Nevertheless, if the standard
norms of L2(Ω) and H2(Ω) are employed in the analysis, then the constants in the
Brezzi conditions will depend on α. More specifically, the constant in the coercivity
condition will be of order O(α), and thus becomes very small for 0 < α � 1. This
property is consistent with the ill posed nature of (1)–(3) for α = 0, and makes it
difficult to design α robust preconditioners for the algebraic system associated with
(20).

Similar to the approach used in [9,10,14], we will now introduce weighted Hilbert
spaces. The weights are constructed such that the constants appearing in the Brezzi
conditions are independent of α. Thereafter, in Sect. 5, we will show how these scaled
Hilbert spaces can be combined with simple maps to design α robust preconditioners
for our model problem.

4.1 Weighted norms

Consider the α-weighted norms:

‖ f ‖2L2
α(Ω)

= α ‖ f ‖2L2(Ω)
, (25)

‖u‖2H2
α (Ω)

= α ‖u‖2H2(Ω)
+ ‖u‖2L2(∂Ω)

, (26)

‖w‖2
L2

α−1 (Ω)
= 1

α
‖w‖2L2(Ω)

, (27)

applied to the control f , the state u and the dual/Lagrange-multiplier w, respectively.
Note that these norms become “meaningless” for α = 0, but are well defined for
positive α.

4.2 Brezzi conditions

We will now analyze the properties of

Aα : L2
α(Ω) × H2

α (Ω) × L2
α−1(Ω) → L2

α(Ω)′ × H2
α (Ω)′ × L2

α−1(Ω)′,

defined in (20). More specifically, we will show that the Brezzi conditions are satisfied
with constants that do not depend on the size of the regularization parameter α > 0.
Note that we use the scaled Hilbert norms (25)–(27).
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Lemma 1 For all α > 0, the following “inf-sup” condition holds:

inf
w∈L2

α−1 (Ω)

sup
( f,u)∈L2

α(Ω)×H2
α (Ω)

( f, w)L2(Ω) + (−Δu + u, w)L2(Ω)

‖( f, u)‖L2
α(Ω)×H2

α (Ω) ‖w‖L2
α−1 (Ω)

≥ 1.

Proof Note that L2
α(Ω) and L2

α−1(Ω) contain the same functions, provided thatα > 0.

Let w ∈ L2
α−1(Ω) be arbitrary. By choosing f = w and u = 0 we find that

sup
( f,u)∈L2

α(Ω)×H2
α (Ω)

( f, w)L2(Ω) + (−Δu + u, w)L2(Ω)

‖( f, u)‖L2
α(Ω)×H2

α (Ω) ‖w‖L2
α−1 (Ω)

≥ (w,w)L2(Ω)

‖(w, 0)‖L2
α(Ω)×H2

α (Ω) ‖w‖L2
α−1 (Ω)

=
‖w‖2

L2(Ω)√
α ‖w‖L2(Ω) (

√
α)−1 ‖w‖L2(Ω)

= 1.

Since w ∈ L2
α−1(Ω) was arbitrary, this completes the proof. ��

Expressed in terms of the operators that constitute Aα , Lemma 1 takes the form

inf
w∈L2

α−1 (Ω)

sup
( f,u)∈L2

α(Ω)×H2
α (Ω)

〈M f, w〉 + 〈Au, w〉
‖( f, u)‖L2

α(Ω)×H2
α (Ω) ‖w‖L2

α−1 (Ω)

≥ 1,

see (21) and (24).
Recall that we decided towrite our state Eqs. (2)–(3) on the non-standard variational

form (6). Throughout this paper we assume that problem (2)–(3) admits a unique
solution u ∈ H̄2(Ω) for every f ∈ L2(Ω), and that

‖u‖H2(Ω) ≤ c1 ‖ f ‖L2(Ω) . (28)

This assumption is valid if Ω is convex or if Ω has a C2 boundary, see e.g. [5,7].
Inequality (28) is a key ingredient of the proof of our next lemma.

Lemma 2 There exists a constant c2, which is independent of α > 0, such that

α ‖ f ‖2L2(Ω)
+ ‖u‖2L2(∂Ω)

≥ c2
(
α ‖ f ‖2L2(Ω)

+ α ‖u‖2H2(Ω)
+ ‖u‖2L2(∂Ω)

)

= c2 ‖( f, u)‖2L2
α(Ω)×H2

α (Ω)

for all ( f, u) ∈ L2(Ω) × H̄2(Ω) such that

( f, φ)L2(Ω) + (−Δu + u, φ)L2(Ω) = 0 ∀φ ∈ L2(Ω). (29)
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Proof If ( f, u) satisfies (29), then

‖u‖H2(Ω) ≤ c1 ‖ f ‖L2(Ω) ,

see the discussion of (28). Let θ = (1 + c21)
−1 ∈ (0, 1), and it follows that

α ‖ f ‖2L2(Ω)
+ ‖u‖2L2(∂Ω)

≥ αθ ‖ f ‖2L2(Ω)
+ α

1 − θ

c21
‖u‖2H2(Ω)

+ ‖u‖2L2(∂Ω)

≥ 1

1 + c21

(
α ‖ f ‖2L2(Ω)

+ α ‖u‖2H2(Ω)
+ ‖u‖2L2(∂Ω)

)
.

��
This result may also be written in the form

〈[
αM 0
0 M∂

] [
f
u

]
,

[
f
u

]〉
≥ c2 ‖( f, u)‖2L2

α(Ω)×H2
α (Ω)

for all ( f, u) ∈ L2
α(Ω) × H2

α (Ω) satisfying

M f + Au = 0,

where M , M∂ and A are the operators defined in (21), (22) and (24), respectively.

4.3 Boundedness

Having established that the Brezzi conditions hold, with constants that are independent
of α, we next explore the boundedness of Aα .

Lemma 3 For all ( f, u), (ψ, φ) ∈ L2
α(Ω) × H2

α (Ω),

∣∣∣∣
〈[

αM 0
0 M∂

] [
f
u

]
,

[
ψ

φ

]〉∣∣∣∣ ≤ √
2 ‖( f, u)‖L2

α(Ω)×H2
α (Ω) ‖(ψ, φ)‖L2

α(Ω)×H2
α (Ω) .

Proof Recall the definitions (21) and (22) of M and M∂ , respectively. Since

‖( f, u)‖L2
α(Ω)×H2

α (Ω) =
√

α ‖ f ‖2
L2(Ω)

+ α ‖u‖2
H2(Ω)

+ ‖u‖2
L2(∂Ω)

,

we find, by employing the Cauchy–Schwarz inequality, that

∣∣∣∣
〈[

αM 0
0 M∂

] [
f
u

]
,

[
ψ

φ

]〉∣∣∣∣ = ∣∣α( f, ψ)L2(Ω) + (u, φ)L2(∂Ω)

∣∣
≤ ‖ f ‖L2

α(Ω) ‖ψ‖L2
α(Ω) + ‖u‖L2(∂Ω) ‖φ‖L2(∂Ω)

≤ √
2
√

‖ f ‖2
L2

α(Ω)
‖ψ‖2

L2
α(Ω)

+ ‖u‖2
L2(∂Ω)

‖φ‖2
L2(∂Ω)

≤ √
2 ‖( f, u)‖L2

α(Ω)×H2
α (Ω) ‖(ψ, φ)‖L2

α(Ω)×H2
α (Ω) .
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Lemma 4 For all ( f, u) ∈ L2
α(Ω) × H2

α (Ω), w ∈ L2
α−1(Ω),

∣∣∣∣
〈
[M A]

[
f
u

]
, w

〉∣∣∣∣ ≤ √
3 ‖( f, u)‖L2

α(Ω)×H2
α (Ω) ‖w‖L2

α−1 (Ω) .

Proof Again, we note that

‖( f, u)‖L2
α(Ω)×H2

α (Ω) =
√

α ‖ f ‖2
L2(Ω)

+ α ‖u‖2
H2(Ω)

+ ‖u‖2
L2(∂Ω)

,

‖w‖L2
α−1 (Ω) = 1√

α
‖w‖L2(Ω) .

From thedefinitions of M and A, see (21) and (24), and theCauchy-Schwarz inequality,
it follows that

∣∣∣∣
〈
[M A]

[
f
u

]
, w

〉∣∣∣∣ = |〈M f, w〉 + 〈Au, w〉|
= ∣∣( f, w)L2(Ω) + (−Δu + u, w)L2(Ω)

∣∣
≤
(
‖ f ‖L2

α(Ω) + ‖Δu‖L2
α(Ω) + ‖u‖L2

α(Ω)

)
‖w‖L2

α−1 (Ω)

≤ √
3 ‖( f, u)‖L2

α(Ω)×H2
α (Ω) ‖w‖L2

α−1 (Ω) .

For the last equality, recall from (7) that ‖Δu‖L2(Ω) = ∥∥∇2u
∥∥

L2(Ω)
≤ ‖u‖H2(Ω) for

all u ∈ H̄2(Ω). ��

4.4 Isomorphism

We have verified that the Brezzi conditions hold, and that Aα is a bounded operator.
Moreover, all constants appearing in the inequalities expressing these properties are
independent of the regularization parameter α > 0. Let

V = L2
α(Ω) × H2

α (Ω) × L2
α−1(Ω), (30)

V ′ = L2
α(Ω)′ × H2

α (Ω)′ × L2
α−1(Ω)′. (31)

Theorem 1 The operator Aα , defined in (20), is bounded and continuously invertible
for α > 0 in the sense that for all nonzero x ∈ V ,

c ≤ sup
0 �=y∈V

〈Aαx, y〉
‖y‖V ‖x‖V ≤ C, (32)

for some positive constants c and C that are independent of α > 0. In particular,

∥∥∥A−1
α

∥∥∥L(V ′,V)
≤ c−1 and ‖Aα‖L(V,V ′) ≤ C.
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Proof This result follows from Lemmas 1, 2, 3, and 4 and Brezzi theory for saddle
point problems, see [1]. ��

4.5 Estimates for the discretized problem

The stability properties (32) are not necessarily inherited by discretizations. However,
the structure used to prove the so-called “inf-sup condition” in Lemma 1 is preserved
in the discrete system provided that the same discretization is employed for the control
and the Lagrange multiplier. Furthermore, the boundedness properties, Lemmas 3 and
4, certainly also hold for conforming discretizations.

It remains to adress the coercivity condition, Lemma 2, for the discretized problem.
We consider finite dimensional subspacesUh ⊂ U = H̄2(Ω) andWh ⊂ W = L2(Ω).
For certain choices of Uh and Wh , the estimate of Lemma 2 carries over to the finite-
dimensional setting.

Lemma 5 Assume Uh ⊂ U and Wh ⊂ W , such that (1 − Δ)Uh ⊂ Wh. Then

α ‖ fh‖2L2(Ω)
+ ‖uh‖2L2(∂Ω)

≥ c2 ‖( fh, uh)‖2L2
α(Ω)×H2

α (Ω)
(33)

for all ( fh, uh) ∈ Wh × Uh such that

( fh, φh)L2(Ω) + (uh − Δuh, φh)L2(Ω) = 0 ∀φh ∈ Wh . (34)

Proof Assume that (1 − Δ)Uh ⊂ Wh , and that (34) holds for ( fh, uh) ∈ Wh × Uh .
Then fh +(1−Δ)uh ∈ Wh , and (34) implies fh +(1−Δ)uh = 0. Therefore, ( fh, uh)

satisfies (29) and the estimate (33) follows from Lemma 2. ��
If the discretization is chosen such that Lemma 5 is satisfied, then the estimates

(32) carries over to discretized system. More precisely, we have

∥∥Aα,h
∥∥L(Vh ,V ′

h)
≤ ‖Aα‖L(V,V ′) , and

∥∥∥A−1
α,h

∥∥∥L(V ′
h ,Vh)

≤
∥∥∥A−1

α

∥∥∥L(V ′,V)
, (35)

where Vh = Wh × Uh × Wh ⊂ V , equipped with the inner prdocut of V , and Aα,h

is discrete counterpart to Aα , defined by setting
〈Aα,h xh, yh

〉 = 〈Aαxh, yh〉 for all
xh, yh ∈ Vh .

If the state is discretized with C1-conforming bicubic Bogner–Fox–Schmit rectan-
gles, as in Sect. 3, then Lemma 5 is satisfied if the control and Lagrange multiplier
is discretized with discontinuous bicubic elements on the same mesh. For triangular
meshes, one could choose Argyris triangles for the state variable and piecewise quintic
polynomials for the control and Lagrange multiplier variables.

We remark that Lemma 5 provides a sufficient, but not necessary criterion for
stability of the discrete problem, and usually may imply far more degrees of freedom
in the discrete space Wh ⊂ W than is actually needed. The usefulness of Lemma 5 is
that the estimates (35) can, in principle, always be obtained by choosing a sufficiently
large space for the control and Lagrange multiplier.
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5 Preconditioning

The linear problem (20) is of the form

Ax = b. (36)

where x is sought in a Hilbert space V , the right hand side b is in the dual space V ′,
and A is a self-adjoint continuous mapping of V onto V ′. Iterative methods for linear
problems are most often formulated for operators mapping V into itself, and can not
be directly applied to the linear system (36), as described in [9]. If we want to apply
such methods to (36), then we need to introduce a continuous operator mapping V ′
isomorphically back onto V . More precisely, if we have a continuous operator

B : V ′ → V,

thenM = BA : V → V is continuous and has the desired mapping properties, and if
B is an isomorphism, the solutions to (36) coincides with the solutions to the problem

Mx = BAx = Bb. (37)

In this paper we shall consider B ∈ L(V,V ′) a preconditioner if B is self-adjoint
and positive definite. This implies thatB−1 is self-adjoint and positive definite as well,
and hence B−1 defines an inner product on V by setting

(x, y) =
〈
B−1x, y

〉
, x, y ∈ V. (38)

This inner product has the crucial property of makingM self-adjoint, in the sense that

(Mx, y) = 〈Ax, y〉 = 〈Ay, x〉 = (My, x) . (39)

Conversely, given any inner product on ( · , · ) on V , the Riesz–Fréchet theorem
provides a self-adjoint positive definite isomorphism B : V ′ → V such that (38) and
(39) hold, and we say that B is the Riesz operator induced by ( · , · ). This establishes a
one-to-one correspondence between preconditioners and Riesz operators on V ′. Since
the Riesz operator is an isometric isomorphism, the operator norm of BA coincides
with the operator norm of A. We formulate this well-known fact here in a lemma for
the sake of self-containedness. We refer to [6,9] for a more in-depth discussion of
preconditioning and its relation to Riesz operators.

Lemma 6 Let V be a Hilbert space, and let A : V → V ′ be a self-adjoint isomor-
phism, and assume that B is the Riesz operator induced by the inner product on V , or
equivalently, that the inner product on V is defined by the self-adjoint positive definite
isomorphism B−1 : V → V ′. Then BA : V → V is an isomorphism, self-adjoint in
the inner product on V , with

‖BA‖L(V,V) = ‖A‖L(V,V ′) and
∥∥∥(BA)−1

∥∥∥L(V,V)
=
∥∥∥A−1

∥∥∥L(V ′,V)
.
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In particular, the condition number of BA is given by

κ(BA) =
∥∥∥A−1

∥∥∥L(V ′,V)
‖A‖L(V,V ′) .

Proof SinceA is self-adjoint,M = BA is self-adjointwith respect to the inner product
on V . From the Riesz–Fréchet theorem we have ‖Ax‖V ′ = ‖BAx‖ = ‖Mx‖, and
we obtain following identity for the operator norm ofM.

‖M‖L(V,V) = sup
x �=0

‖Mx‖V
‖x‖V = sup

x �=0

‖Ax‖V ′

‖x‖V
= sup

x �=0
sup
y �=0

〈Ax, y〉
‖x‖V ‖y‖V

= ‖A‖L(V,V ′) .

A similar identity is obtained for the norm of the inverse operator,

∥∥∥M−1
∥∥∥L(V,V)

= sup
x �=0

∥∥M−1x
∥∥V

‖x‖V
=
(
inf
x �=0

‖Mx‖V
‖x‖V

)−1

=
(
inf
x �=0

sup
y �=0

〈Ax, y〉
‖x‖V ‖y‖V

)−1

=
∥∥∥A−1

∥∥∥L(V ′,V)
.

We say that a preconditioner Bα for Aα is robust with respect to the parameter α

if κ(BαAα) is bounded uniformly in α. The significance of Lemma 6 is that such a
robust preconditioner can be found by identifying (parameter-dependent) norms in
which Aα and A−1

α are both uniformly bounded.

5.1 Parameter-robust minimum residual method

In Sect. 4 stability of Aα was shown in the α-dependent norms defined in (25)–(27).
Thepreconditioner providedbyLemma6 is theRiesz operator inducedby theweighted
norms. This operator Bα : V ′ → V takes the form

Bα =
⎡
⎣αM 0 0

0 αR + M∂ 0
0 0 1

α
M

⎤
⎦

−1

(40)

where R : H̄2(Ω) → H̄2(Ω)
′
is the operator induced by the H2(Ω) inner product,

i.e. 〈Ru, v〉 = (u, v)H2(Ω).
SinceAα is self-adjoint, the preconditioned operatorBαAα : V → V is self-adjoint

in the inner product on V . Consequently we can apply the minimum residual method
(Minres) to the problem
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BαAαx = Bαb.

Theorem 2 Let Aα be the operator defined in (20) and Bα the operator defined in
(40). Then there exists an upper bound, independent of α, for the convergence rate of
Minres applied to the preconditioned system

BαAαx = Bαb.

In particular there exists an upper bound, independent of α, for the number of iterations
needed to reach the stopping criterion (19).

Proof A crude upper bound for the convergence rate (more precisely, the two-step
convergence rate) of Minres is given by

‖BαAα(x − x2m)‖V ≤
(
1 − κ

1 + κ

)m

‖BαAα(x − x0)‖V

where κ = κ(BαAα) is the condition number of BαAα , see e.g. [9]. From Lemma 6
and (32) we determine that κ is bounded independently of α, with

κ =
∥∥∥(BαAα)−1

∥∥∥L(V,V)
‖BαAα‖L(V,V)

=
∥∥∥A−1

α

∥∥∥L(V ′,V)
‖Aα‖L(V,V ′)

≤ c−1C.

(41)

��
In practical applications, the operator Bα will be replaced with a less computationally
expensive approximation B̂α . Ideally B̂α will be spectrally equivalent to Bα , in the
sense that the condition number of B̂αB−1

α is bounded, independently of α. Then the
preconditioned system reads

B̂αAαx = B̂αb,

and the upper bound for the convergence rate is determined by the conditioned number
κ(B̂αAα) ≤ κ(B̂αB−1

α )κ(BαA−1
α ).

Remark In this paperweonly consider theminimumresidualmethod, andwe therefore
require that the preconditioner is self-adjoint and positive definite. More generally, if
other Krylov subspace methods are to be applied to (20), then preconditioners lacking
symmetry or definiteness may be considered.

Wemention in particular that a preconditioned conjugate gradient method for prob-
lems similar to (20) was proposed in [14], based on a clever choice of inner product.

6 Generalization

Is our technique applicable to other problems than (1)–(3)?Wewill nowbriefly explore
this issue, and show that the preconditioning scheme derived above yields α robust
methods for a class of problems.
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The scaling (25)–(27)was also investigated in [10], but for a family of abstract prob-
lems posed in terms of Hilbert spaces. More specifically, for general PDE-constrained
optimization problems, subject to Tikhonov regularization, and with linear state equa-
tions. But in [10] no assumptions about the control, state or observation spaces were
made, except that they were Hilbert spaces. Under these circumstances, it was proved
that the coercivity and the boundedness, of the operator associated with the KKT
system, hold with α-independent constants. Nevertheless, in this general setting, the
inf-sup condition involved an α-dependent constant, which, eventually, yielded theo-
retical iteration bounds of order O([log (α−1

)]2) for Minres.
In the present paper we were able to prove an α-robust inf-sup condition for

the model problem (1)–(3). This is possible because both the control f and the
dual/Lagrange-multiplier w belong to L2(Ω). From a more general perspective, it
turns out that this is the property that must be fulfilled in order for our approach to be
successful: The control space and the dual space, associated with the state equation,
must coincide. This will usually lead to additional regularity requirements for the state
space.

Motivated by this discussion, let us consider an abstract problem of the form:

min
f ∈W, u∈U

{
1

2
‖T u − d‖2O + 1

2
α ‖ f ‖2W

}
(42)

subject to
〈Au, w〉 + ( f, w)W = 0, ∀w ∈ W. (43)

Here, W is the dual and control space, U is the state space, O is the observation space,
W , U and O are Hilbert spaces.

Let us assume that

(A1) A : U → W ′ is a continuous linear operator with closed range. In particular,
there is a constant c1 such that for all u ∈ U ,

‖u‖U/Ker A = inf
ũ∈Ker A

‖u − ũ‖U ≤ c1 ‖Au‖W ′ .

(A2) T : U → O is linear and bounded, and invertible on the kernel of A. That is,
there is a constant c2 such that for all u ∈ Ker A,

‖u‖U ≤ c2 ‖T u‖O .

It then follows that the KKT system associated with (42)–(43) is well-posed for every
α > 0: Determine ( f, u, w) ∈ W × U × W such that

⎡
⎣αM 0 M ′

0 K A′
M A 0

⎤
⎦

︸ ︷︷ ︸
=Aα

⎡
⎣ f

u
w

⎤
⎦ =

⎡
⎣ 0

K̃ d
0

⎤
⎦ , (44)
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where

M : W → W ′, f �→ ( f, · )W , (45)

K : U → U ′, u �→ (T u, T · )O , (46)

K̃ : O → U ′, d �→ (d, T · )O , (47)

Note that, compared with (13), the boundary observation matrix M∂ has been replaced
with the general observation operator K in (44).

We introduce scaled norms as follows.

‖ f ‖2Wα
= α ‖ f ‖2W ,

‖u‖2Uα
= α ‖Au‖2W ′ + ‖T u‖2O ,

‖w‖2W
α−1

= 1

α
‖w‖2W .

We first show that ‖ · ‖Uα
is indeed a norm on U when assumptions (A1) and (A2)

hold. It suffices to show that ‖ · ‖Uα
is a norm equivalent to ‖ · ‖U when α = 1. We

have
‖T u‖O + ‖Au‖W ′ ≤ ( ‖T ‖L(U,O) + ‖A‖L(U,W ′)

) ‖u‖U , (48)

and letting π denote the orthogonal projection of U onto Ker A,

‖u‖U ≤ ‖πu‖U + ‖u − πu‖U

≤ c2 ‖T πu‖O + ‖u − πu‖U

≤ c2 ‖T u‖O + (
1 + c2 ‖T ‖L(U,O)

) ‖u − πu‖U

≤ c2 ‖T u‖O + c1
(
1 + c2 ‖T ‖L(U,O)

) ‖Au‖W ′ .

(49)

Here the last inequality follows from ‖u − πu‖U = inf ũ∈Ker A ‖u − ũ‖U and assump-
tion (A1).

We set V = Wα × Uα × Wα−1 . As in Sect. 4, Aα : V → V ′ can be shown to be an
isomorphism, with parameter-independent estimates obtained in the weighted norms.

Theorem 3 There exists positive constants c and C, independent of α, such that for
all nonzero x ∈ V ,

c ≤ sup
0 �=y∈V

〈Aαx, y〉
‖x‖V ‖y‖V

≤ C. (50)

We omit the full proof, which is analogous to that of Theorem 1. The crucial part is the
“inf-sup condition” of Lemma 1, which is easily shown to hold in the abstract setting:

sup
( f,u)∈Wα×Uα

( f, w)W + 〈Au, w〉
‖( f, u)‖Wα×Uα

‖w‖W
α−1

≥ (w,w)W

‖(w, 0)‖Wα×Uα
‖w‖W

α−1

= 1.
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The coercivity condition of Lemma 2 naturally holds in the prescribed norm on Uα ,
since for ( f, u) ∈ W × U such that Au = M f ,

α ‖ f ‖2W + ‖T u‖2O = α

2
‖ f ‖2W + α

2
‖Au‖2W ′ + ‖T u‖2O ≥ 1

2

(
‖ f ‖2Wα

+ ‖u‖2Uα

)
.

Note that the weighted norm now depends on A, and as consequence, the estimates
become A-independent. In fact, we obtain bounds for the constants c and C which are
independent of α as well as the operators appearing in (42)–(43). This is postponed
to the next section, where sharp estimates are obtained for (50).

With the estimates (50), Lemma 6 provides a preconditioner for the operator Aα ,
given as

Bα =
⎡
⎣αM 0 0

0 αA′M−1A + K 0
0 0 1

α
M

⎤
⎦

−1

. (51)

The condition number of BαAα will be bounded independently of α. It is, however,
not clear how to find a computationally efficient approximation of Bα in the abstract
setting of (42)–(43).

Example 1 The problem (1)–(3) fits in the abstract framework presented in this section
when we assume that the state has H2(Ω) regularity. We set W = L2(Ω), U =
H̄2(Ω), A = 1 − Δ, and T : H̄2(Ω) → L2(∂Ω) is a trace operator, see (46). Since
A is a continuous isomorphism, assumptions (A1) and (A2) are both valid. The inner
product on Uα takes the form

(u, v)Uα = 〈K u, v〉 + α
〈
AM−1Au, v

〉

=
∫

∂Ω

uv ds + α

∫
Ω

(u − Δu)(v − Δv) dx

=
∫

∂Ω

uv ds + α

∫
Ω

∇2u : ∇2v + 2∇u · ∇v + uv dx,

where ∇2u denotes the Hessian of u, and the last equality follows from the boundary
condition ∂u/∂n = 0 imposed on H̄2(Ω). The resulting preconditioner is the one
that was used in the numerical experiments, detailed in Sect. 3, and it is spectrally
equivalent to the preconditioner defined in (40).

Example 2 Let U , W , and K be as in Example 1, but let us set A = −Δ. Now A has
non-trivial kernel, consisting of the a.e. constant functions, and for constant u we have

‖T u‖L2(∂Ω) =
√

|∂Ω|
|Ω| ‖u‖H̄2(Ω) .
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Since assumptions (A1) and (A2) are valid, the optimality system is still well-posed.
In this case the inner product on Uα is given by

(u, v)Uα =
∫

∂Ω

uv ds + α

∫
Ω

D2u : D2v dx .

Example 3 Let us consider the “prototype” problem:

min
f, u

{
1

2
‖u − d‖2L2(Ω)

+ α

2
‖ f ‖2L2(Ω)

}

subject to

−Δu + u + f = 0 in Ω,

∂u

∂n
= 0 on ∂Ω.

Note thatwe here consider the case inwhich observation data is assumed to be available
throughout the entire domain Ω of the state equation.

If the usual variational form of the PDE is used, i.e.,

(u, w)H1(Ω) + ( f, w)L2(Ω) = 0, ∀w ∈ H1(Ω), (52)

then the control space equals L2(Ω), whereas the dual space is H1(Ω). The precon-
ditioning strategy presented in this section is therefore not applicable.

If instead we can assume H2(Ω)-regularity, we can use the variational form

(−Δu + u, w)L2(Ω) + ( f, w)L2(Ω) = 0, ∀w ∈ L2(Ω). (53)

Now, the control and dual spaces both equal L2(Ω). The methodology presented in
this section can thus be applied, and a robust preconditioner is obtained. Compared
with the preconditioner for the problem with boundary observations only, see Sect. 5,
Eq. (40), the only change is the replacement of M∂ , in the (2, 2) block of Bα with M .

We remark that in [13,14], parameter-robust preconditioners were proposed for
the “prototype” problem, using the standard variational formulation (52) of the PDE.
Those methods do not require improved regularity for the state space. Instead, they
require that observations are available throughout the computational domain.

7 Eigenvalue analysis

In Sect. 6 it was shown that the condition number ofBαAα , withAα defined in (44) and
Bα defined in (51), can be bounded independently of α, as well as independently of the
operators appearing in (42)–(43). Moreover, the numerical experiments indicate that
the eigenvalues are contained in three intervals, independently of the regularization
parameter α, see Fig. 2. In this section we detail the structure of the spectrum of the
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preconditioned system considered in Sect. 6, and we obtain sharp estimates for the
constants appearing in Theorem 3.

We consider self-adjoint linear operators Aα and Bα ,

Aα =
⎡
⎣αM 0 M ′

0 K A′
M A 0

⎤
⎦ and B−1

α =
⎡
⎣αM 0 0

0 K + αR 0
0 0 α−1M

⎤
⎦ (54)

where R is defined by
R = A′M−1A. (55)

We assume that A : U → W ′ and M : W → W ′ are continuous operators, for some
Hilbert spaces U and W . In addition we will make use of the following assumptions.

(B1) M is a self-adjoint and positive definite,
(B2) K + R is positive definite,
(B3) K is self-adjoint and positive semi-definite.

Assumptions (B1)–(B3) ensure thatBα is a self-adjoint and positive definite. In partic-
ular, assumptions (B1)–(B3) hold for Aα as in (44), provided that the assumptions of
Sect. 6 hold. For simplicity, we also assume that thatAα andBα are finite-dimensional
operators.

Theorem 4 Let p, q, and r be the polynomials

p(λ) = 1 − λ, q(λ) = 1 + λp(λ), r(λ) = p − λq(λ).

Let q1 < q2 and r1 < r2 < r3 be the roots of q and r, respectively. The spectrum
of BαAα is contained within three intervals, determined by the roots of p and r,
independently of α:

sp(BαAα) ⊂ [r1, q1] ∪ [r2, 1] ∪ [q2, r3]. (56)

Consequently, the spectral condition number of BαAα is bounded, uniformly in α,

k(BαAα) ≤ r3
r2

≈ 4.089. (57)

If K has a nontrivial kernel, inequality (57) becomes an equality.

Proof Consider the equivalent generalized eigenvalue problem

⎡
⎣αM 0 M ′

0 K A′
M A 0

⎤
⎦
⎡
⎣ f

u
w

⎤
⎦ = λ

⎡
⎣αM 0 0

0 K + αR 0
0 0 α−1M

⎤
⎦
⎡
⎣ f

u
w

⎤
⎦ (58)

We show that (58) admits no nontrivial solutions unless λ is as in (56).
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Since M is a self-adjoint isomorphism, by assumption (B1), we can rewrite (58) as
the three identities

αp f + w = 0, (59)

pK u + A′w − λαRu = 0, (60)

f + M−1Au − λα−1w = 0. (61)

Assume that λ is not contained within the three closed intervals of (56). Then p �= 0,
and we can use (59) to eliminate f from (61).

0 = αp( f + M−1Au − λα−1w) = αpM−1Au − (1 + λp)w

= αpM−1Au − qw.
(62)

Since q is nonzero, we can use (62) to eliminate w from (60),

0 = q(pK u + A′w − λαRu) = qpK u + α(p − λq)Ru

= qpK u + r Ru,
(63)

where the identity (55) was used. By assumption, pq and r are both nonzero. More-
over, it can be easily seen that pq and r have the same sign outside of the bounded
intervals of (56). From assumptions (B1)–(B3), we conclude that qpK + r R is a self-
adjoint definite operator. Then (63) only admits trivial solutions, hence λ can not be
an eigenvalue of BαAα .

The estimate (57) follows from (56), noting that | sp(BαAα)| ⊂ [r2, r3]. From (63)
it can be seen that the roots of r are eigenvalues of BαAα if Ker K is nontrivial. ��
Remark If A = (1 − Δ) : H̄2(Ω) → L2(Ω)

′
, then R = A′M−1A is characterized

by a bilinear form b(·, ·) as in (15):

〈A′M−1Au, v〉 =
∫

Ω

ΔuΔv + 2∇u · ∇v + uv dx

= (u, v)H2(Ω) +
∫

Ω

∇u · ∇v dx = b(u, v)

For discretizations Uh ⊂ U and Wh ⊂ W of A such that A(Uh) ⊂ M(Wh), the
discretization of b coincides with A′

h M−1
h Ah . This follows from an argument similar

to that in the proof of Lemma 5, and as a consequence, Theorem 4 can be applied to
the preconditioned discrete systems considered in Sect. 3.

8 Discretization with H1 conforming finite elements

The theory outlined in Sect. 4 provides a robust preconditioning technique for the opti-
mality system (20) assuming additional regularity and making use of H2 conforming
elements. However, this additional regularity only appears relevant to the discretiza-
tion of the (2, 2) block of the ideal preconditioner (51), since the coefficient matrix in
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(44) only involves second order operators. It therefore seems reasonable that the use
of sophisticated H2 conforming elements could be avoided in favour of standard H1

conforming elements, provided that we can implement an approximate inverse to the
fourth operator appearing in the preconditioner.

To be precise, we can discretize the optimality system (10)–(12) with H1-
conforming piecewise linear Lagrange elements for all the unknown variables. Note
that this requires that the integration by parts formula is applied to the state equation,
resulting in the variation problem

α( fh, ψh)L2(Ω) + (ψh, wh)L2(Ω) = 0 ∀ψh ∈ Vh,

(uh − d, φh)L2(∂Ω) + (φh, wh)H1(Ω) = 0 ∀φh ∈ Vh,

( fh, ξh)L2(Ω) + (uh, ξh)H1(Ω) = 0 ∀ξh ∈ Vh .

for ( fh, uh, ξh) ∈ Vh × Vh × Vh , where Vh is the space of continuous piecewise linear
functions. Since all three unknowns belong to the same space, the eigenvalue analysis
in Sect. 7 can be applied to the discretized coefficient matrix, which reads

⎡
⎣αMh 0 Mh

0 Kh Ah

Mh Ah 0

⎤
⎦ , (64)

where Ah and Mh are symmetric matrices. The analysis in Sect. 7 reveals that an ideal
preconditioner is given by

⎡
⎣αMh 0 0

0 Kh + αAh M−1
h Ah 0

0 0 α−1Mh

⎤
⎦

−1

, (65)

with condition numbers of the preconditioned system bounded independtly of α and
the discretization parameter h.

The operator Kh + Ah M−1
h Ah in the (2,2) block of (65) coincides with Schur

complement of a Ciarlet-Raviart mixed finite element formulation of the fourth order
problem (16)–(18), and can be thought of as non-local fourth order operator. Multigrid
techniques for a similar operator was studied in [8], where amultigridW-cycle applied
to a local operator approximating the Schur complement was shown to be an efficient
preconditioner.

Table 4 presents iteration numbers and estimated condition numbers for a simplistic
scheme where we replace the (2,2) block in (65) with Kh + Ah M̃−1

h Ah , where M̃h is a
lumped mass matrix. For the appxroximate inversion of (65), we applied an algebraic
multigrid W-cycle for the (2,2) block and two symmetric Gauss–Seidel iterations to
the remaining two diagonal blocks. The experiment was carried out on a unit square
domain and an L-shaped domain, with both domains triangularized with structured
meshes. For the L-shaped domain, the H2-regularity discussed in the beginning of
Sect. 2 is known not to hold.
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Table 4 Minres iteration counts with estimated condition numbers in paranthesis for the coefficient matrix
(64), with a preconditioner based on (65)

α\h 2−6 2−7 2−8 2−9

Square domain

10−10 81 (6.80) 82 (6.80) 88 (6.87) 93 (6.90)

10−8 90 (6.65) 93 (6.82) 91 (6.63) 89 (6.63)

10−6 95 (7.10) 90 (6.63) 89 (6.66) 88 (6.71)

10−4 89 (6.63) 89 (6.68) 88 (6.72) 86 (6.73)

10−2 79 (6.63) 79 (6.70) 78 (6.73) 78 (6.73)

1 69 (6.68) 68 (6.74) 67 (6.75) 67 (6.75)

L-shaped domain

10−10 80 (6.80) 82 (6.76) 88 (6.81) 93 (6.87)

10−8 90 (6.65) 93 (6.73) 91 (6.63) 89 (6.63)

10−6 93 (6.92) 90 (6.63) 89 (6.64) 88 (6.71)

10−4 89 (6.64) 89 (6.68) 92 (8.16) 92 (10.2)

10−2 85 (8.25) 87 (10.2) 89 (13.1) 90 (17.4)

1 90 (16.4) 93 (22.5) 94 (32.0) 86 (46.9)

The (2,2) block of (65) was replaced by an AMG W-cycle (BoomerAMG from the Hypre[4] library),
constructed from the operator Kh + Ah M̃−1

h Ah , where M̃h is a lumped mass matrix. The AMG operator
was constructedwith 0.5 treshold parameter, with other parameters set to their default values. The remaining
twodiagonal blockswere each replaced two symmetricGauss–Seidel iterationswere applied. The optimality
system was solved approximately with a random initial guess and relative convergence criterion (19) with
ε = 10−8

The iteration numbers reported in Table 4 appears bounded, although we observe
an increase in the estimated condition number for the L-shaped domain as the mesh
is refined. Although the condition number with an exact inverse (65) is bounded in
accordance with the analysis in Sect. 7, this appears not to be the case when the exact
inverse of the (2,2) block is replaced with an AMG cycle.

We remark that for unstructered meshes we observed iteration counts increasing
with mesh refinement, indicating the need for a more sophisticated approach to the
multilevel approximation of the (2,2) block, for example as in [8], for more compli-
cated geometries.

9 Discussion

Previously, parameter robust preconditioners for PDE-constrained optimization prob-
lems have been successfully developed, provided that observation data is available
throughout the entire domain of the state equation. For many important inverse prob-
lems, arising in industry and science, this is an unrealistic requirement. On the contrary,
observation data will typically only be available in subregions, of the domain of the
state variable, or at the boundary of this domain. We have therefore explored the pos-

123



K.-A. Mardal et al.

sibility for also constructing robust preconditioners for PDE-constrained optimization
problems with limited observation data.

For an elliptic control problem,with boundaryobservations only,wehavedeveloped
a regularization robust preconditioner for the associated KKT system. Consequently,
the number of Minres iterations required to solve the problem is bounded indepen-
dently of both regularization parameter α and the mesh size h. In order to achieve
this, it was necessary to write the elliptic state equation on a non-standard, and non-
self-adjoint, variational form. If this approach is employed, then the control and the
Lagrange multiplier will belong to the same Hilbert space, which leads to extra reg-
ularity requirements for the state. This fact makes it possible to construct parameter
weighted metrics such that the constants appearing in the Brezzi conditions, as well
as the constants in the inequalities expressing the boundedness of the KKT system,
are independent of α and h. Consequently, the spectrum of the preconditioned KKT
system is uniformly bounded with respect to α and h, which is ideal for the Minres
scheme. These properties were illuminated through a series of numerical experiments,
and the preconditioned Minres scheme handled our model problem excellently.

The use of a non-self-adjoint form of the elliptic state equation leads to additional
challenges for conforming discretization schemes and in multigrid implementations.
For the numerical experiments, we employed a C1 finite element discretization that is
H2-conforming, where the rectangular elements are tensor products of Hermite inter-
vals. This discretization is limited to structured meshes. While there are other, more
flexible C1 finite element discretizations available in two dimensions (e.g. Argyris
and Bell triangles), all of the methods suffer from high computational cost due the
smoothness requirements imposed on the nodal basis functions. In three dimensions,
the situation is even worse, and C1 discretizations with tetrahedrons become nearly
intractable, see e.g. [15].

Some of the difficulties with traditional C1 finite element discretizations can be
avoided with Galerkin methods making use of basis functions that naturally fulfill
the smoothness requirements. Examples of such methods include discretization with
spline basis functions, such as isogeometric analysis [3]. Another approach is the
virtual element method [2]. However, the development of multilevel methods for the
fourth order operator in the preconditioner (51) would remain a challenging problem.

We have also demonstrated that the technique is applicable also outside of H2-
conforming discretizations.

Our findings for the simple elliptic control problem were generalized to a broader
class of KKT systems. It turns out that the methodology is applicable whenever the
control and the Lagrange multiplier belong to the same space, and extra regularity
properties are fulfilled by the state equation - these are the key issues. Froma theoretical
perspective, this is in many cases not a severe restriction, but it gives rise to new
challenges for the discrete problems. This is even the case for the elliptic state equation
considered in this text. Also, our approach will not yield α independent bounds if the
control is only defined on a subdomain of the domain of the state equation. In such
cases, the spaces for the control and the Lagrange multiplier will not coincide. How to
design efficient parameter-robust preconditioners for such problems, is, as far as the
authors know, still an open problem.
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Abstract. We study preconditioners for a model problem describing the coupling of two ellip-
tic subproblems posed over domains with different topological dimension by a parameter dependent
constraint. A pair of parameter robust and efficient preconditioners is proposed and analyzed. Ro-
bustness and efficiency of the preconditioners is demonstrated by numerical experiments.

Key words. preconditioning, saddle-point problem, Lagrange multipliers

AMS subject classification. 65F08

DOI. 10.1137/15M1052822

1. Introduction. This paper is concerned with preconditioning of multiphysics
problems where two subproblems of different dimensionality are coupled. We assume
that Γ is a submanifold contained within Ω ∈ Rn and consider the following problem:

−∆u+ εδΓp = f in Ω,(1a)

−∆v − p = g on Γ,(1b)

εu− v = 0 on Γ,(1c)

where δΓ is a function with properties similar to the Dirac delta function, as will be
discussed later. To allow for a unique solution (u, v, p), the system must be equipped
with suitable boundary conditions, and we shall here, for simplicity, consider homoge-
neous Dirichlet boundary conditions for u and v on ∂Ω and ∂Γ, respectively. We note
that the unknowns u, v are here the primary variables, while the unknown p should
be interpreted as a Lagrange multiplier associated with the constraint (1c).

The two elliptic equations that are stated on two different domains, Ω and Γ, are
coupled, and therefore the restriction of u to Γ and the extension of p to Ω are crucial.
When the codimension of Γ is one, the restriction operator is a trace operator, and
the extension operator is similar to the Dirac delta function. We note that ε ∈ (0, 1)
and that the typical scenario will be that ε� 1. We will therefore focus on methods
that are robust in ε.

The problem (1a)–(1c) is relevant to biomedical applications [18, 15, 2, 17] where it
models the coupling of the porous media flow inside tissue to the vascular bed through
Starling’s law. Further, problems involving coupling of the finite element method
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and the boundary element method, e.g., [24, 26], are of the form (1). The system
is also relevant for domain decomposition methods based on Lagrange multipliers
[32]. Finally, in solid mechanics, the problem of plates reinforced with ribs (cf., for
example, [44, Ch. 9.11]) can be recast into a related fourth order problem. We also
note that the techniques developed here to address the constraint (1c) are applicable in
preconditioning fluid-structure interaction problems involving interactions with thin
structures, e.g., filaments [22].

One way of deriving equations (1) is to consider the following minimization prob-
lem:

(2)

∫

Ω

(∇u)2 − 2uf dx
∫

Γ

(∇v)2 − 2vg ds




→ min

subject to the constraint

(3) εu− v = 0 on Γ.

Using the method of Lagrange multipliers, the constrained minimization problem will
be recast as a saddle-point problem. The saddle-point problem is then analyzed in
terms of the Brezzi conditions [13], and efficient solution algorithms are obtained using
operator preconditioning [35]. A main challenge is the fact that the constraint (3)
necessitates the use of trace operators, which leads to operators in fractional Sobolev
spaces on Γ.

An outline of the paper is as follows: Section 2 presents the necessary notation and
mathematical framework needed for the analysis. Then the mathemathical analysis
as well as the numerical experiments of two different preconditioners are presented
in sections 3 and 4, respectively. Section 5 discusses the computational efficiency of
both methods.

2. Preliminaries. Let X be a Hilbert space of functions defined on a domain
D, and let ‖ · ‖X denote its norm. The L2 inner product on a domain D is denoted
(·, ·)D or

∫
D
·, while 〈·, ·〉D denotes the corresponding duality pairing between a Hilbert

space X and its dual space X∗. We will use Hm = Hm(D) to denote the Sobolev
space of functions on D with m derivatives in L2 = L2(D). The corresponding norm
is denoted ‖ · ‖m,D. In general, we will use Hm

0 to denote the closure in Hm of the
space of smooth functions with compact support in D, and the seminorm is denoted
as | · |m,D.

The space of bounded linear operators mapping elements of X to Y is denoted
L(X,Y ), and if Y = X, we simply write L(X) instead of L(X,X). If X and Y are
Hilbert spaces, both continuously contained in some larger Hilbert space, then the
intersection X ∩ Y and the sum X + Y are both Hilbert spaces with norms given by

‖x‖2X∩Y = ‖x‖2X + ‖x‖2Y and ‖z‖2X+Y = inf
x∈X,y∈Y
z=x+y

(‖x‖2X + ‖y‖2Y ).

In the following Ω ⊂ Rn is an open connected domain with Lipschitz boundary
∂Ω. The trace operator T is defined by Tu = u|Γ for u ∈ C(Ω) and Γ a Lipschitz
submanifold of codimension one in Ω. The trace operator extends to bounded and
surjective linear operator T : H1(Ω) → H

1
2 (Γ); see, e.g., [1, Ch. 7]. The fractional

Sobolev space H
1
2 (Γ) can be equipped with the norm

(4) ‖u‖2
H

1
2 (Γ)

= ‖u‖2L2(Γ) +

∫

Γ×Γ

|u(x)− u(y)|2
|x− y|n+1

dxdy.
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However, the trace is not surjective as an operator from H1
0 (Ω) into H

1
2 (Γ); in

particular, the constant function 1 ∈ H 1
2 (Γ) is not in the image of the trace operator.

Note that H
1
2

0(Γ) does not characterize the trace space, since H
1
2

0(Γ) = H
1
2 (Γ); see [30,

Ch. 2, Thm. 11.1]. Instead, the trace space can be identified as H
1
2

00(Γ), defined as
the subspace of H

1
2 (Γ) for which extension by zero into H

1
2 (Γ̃) is continuous, for some

suitable extension domain Γ̃ extending Γ (e.g., Γ̃ = Γ∪ ∂Ω). To be precise, the space
H

1
2

00(Γ) can be characterized with the norm

(5) ‖u‖
H

1
2

00(Γ)
= ‖ũ‖H 1

2 (Γ̃), ũ(x) =

{
u(x), x ∈ Γ,

0, x /∈ Γ.

The spaceH
1
2

00(Γ) does not depend on the extension domain Γ̃, since the norms induced
by different choices of Γ̃ will be equivalent.

The above norms (4)–(5) for the fractional spaces are impractical from an imple-
mentation point of view, and we will therefore consider the alternative construction
following [30, Ch. 2.1] and [16]. For u, v ∈ H1

0 (Γ), set Lu(v) = (u, v)Γ. Then Lu
is a bounded linear functional on H1

0 (Γ), and in accordance with the Riesz–Fréchet
theorem there is an operator S ∈ L

(
H1

0 (Γ)
)

such that

(6) (Su,w)H1
0 (Ω) = Lu(w) = (u,w)Γ , u, w ∈ H1

0 (Γ).

The operator S is self-adjoint, positive definite, injective, and compact. Therefore,
the spectrum of S consists of a nonincreasing sequence of positive eigenvalues {λk}∞k=1

such that 0 < λk+1 ≤ λk and λk → 0; see, e.g., [48, Ch. X.5, Thm. 2]. The eigenvectors
{φk}∞k=1 of S satisfy the generalized eigenvalue problem

Aφk = λ−1
k Mφk,

where operators A,M are such that 〈Au, v〉Γ = (∇u,∇v)Γ and 〈Mu, v〉Γ = (u, v)Γ.
The set of eigenvectors {φk}∞k=1 forms a basis of H1

0 (Γ) orthogonal with respect to
the inner product of H1

0 (Γ) and orthonormal with respect to the inner product on
L2(Γ). Then for u =

∑
k ckφk ∈ span {φk}∞k=1 and s ∈ [−1, 1], we set

(7) ‖u‖Hs
=

√∑

k

c2kλ
−s
k

and define Hs to be the closure of span {φk}∞k=1 in the above norm. Then H0 = L2(Γ)

and H1 = H1
0 (Γ) with equality of norms. Moreover, we have H 1

2
= H

1
2

00(Γ) with

equivalence of norms. This essentially follows from the fact that H 1
2

and H
1
2

00(Γ)
are closely related interpolation spaces; see [16, Thm. 3.4]. Note that we also have
H−1 = (H1

0 (Γ))∗ = H−1(Γ) and H− 1
2

= (H
1
2

00(Γ))∗ = H−
1
2 (Γ).

As the preceding paragraph suggests, we shall use the normal font to denote linear
operators, e.g., A. To signify that the particular operator acts on a vector space with
multiple components, we employ the calligraphic font, e.g., A. Vectors and matrices
are denoted by the sans serif font, e.g., A and x. In the case when the matrix has
a block structure, it is typeset with the blackboard bold font, e.g., A. Matrices and
vectors are related to the discrete problems as follows (see also [35, Ch. 6]). Let
Vh ⊂ H1

0 (D), and let the discrete operator Ah : Vh → V ∗h be defined in terms of the
Galerkin method:

〈Ahuh, vh〉D = 〈Au, vh〉D for uh, vh ∈ Vh and u ∈ H1
0 (D).
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Let ψj , j ∈ [1,m] be the basis functions of Vh. The matrix equation,

Au = f, u ∈ Rm and f ∈ Rm,

is obtained as follows: Let πh : Vh → Rm and µh : V ∗h → Rm be given by

vh =
∑

j

(πhvh)j ψj , vh ∈ Vh, and (µhfh)j = 〈fh, ψj〉D, fh ∈ V ∗h .

Then
A = µhAhπ

−1
h , v = πhvh, f = µhfh.

A discrete equivalent to the Hs inner product (7) is constructed in the following
manner, similarly to the continuous case. There exist a complete set of eigenvectors
ui ∈ Rm with the property uj

>Mui = δij and m positive definite (not necessarily dis-
tinct) eigenvalues λi of the generalized eigenvalue problem Aui = λiMui. Equivalently,
the matrix A can be decomposed as A = (MU) Λ(MU)

>
with Λ = diag (λ1, . . . , λm)

and coliU = ui so that U>MU = I and U>AU = Λ. We remark that A is the stiffness
matrix, while M is the mass matrix.

Let now H : R → Psym, where Psym denotes the space of symmetric positive
definite matrices, be defined as

(8) H(s) = (MU) Λs(MU)
>
.

Note that, due to M orthonormality of the eigenvectors, the inverse of H(s) is given

as H(s)
−1

= UΛ−sU>. To motivate the definition of the mapping, we shall in the
following example consider several values H(s) and show the relation of the matrices
to different Sobolev (semi)norms of functions in Vh.

Example 1 (L2, H1
0 , and H−1 norms in terms of matrices). Let Vh ⊂ H1

0 (Γ),
dimVh = m, vh ∈ Vh, and v ∈ Rm be the representation of vh in the basis of Vh, i.e.,
v = πhvh. The L2 norm of vh is given through the mass matrix M as ‖vh‖20,Γ = v>Mv

and M = H(0). Similarly for the H1
0 (semi)norm, it holds that |vh|21,Γ = v>Av, where

A is the stiffness matrix, and A = H(1). Finally, for a less trivial example, let fh ∈ Vh,
and consider fh as a bounded linear functional, 〈fh, vh〉Γ = (fh, vh)Γ for vh ∈ Vh.
Then ‖fh‖2−1,Γ = f>H(−1) f. By the Riesz representation theorem there exists a unique
uh ∈ Vh such that (∇uh,∇vh)Γ = 〈fh, vh〉Γ for all vh ∈ Vh and ‖fh‖−1,Γ = |uh|1,Γ.
The latter equality yields ‖fh‖2−1,Γ = u>Au, but since uh ∈ Vh is given by the Riesz
map, the coordinate vector comes as a unique solution of the system Au = Mf, i.e.,
u = A−1Mf (see, e.g., [33, Ch. 3]). Thus ‖fh‖2−1,Γ = f>MA−1Mf. The matrix product
in the expression is then H(−1).

In general, let c be the representation of vector u ∈ Rm in the basis of eigenvectors
ui, u = Uc. Then

u>H(s) u = c>Λsc =
∑

j

c2jλ
s
j ,

and so u>H(s) u = ‖uh‖2Hs
for uh ∈ Vh such that uh = π−1

h u. Similarly to the
continuous case, the norm can be obtained in terms of powers of an operator

u>H(s) u =
[
UΛ

s
2 (MU)

>u
]>

M
[
UΛ

s
2 (MU)

>u
]

=
[
S−

s
2 u
]>

M
[
S−

s
2 u
]
,

where S = A−1M is the matrix representation of the Riesz map H−1 (Γ)→ H1
0 (Γ) in

the basis of Vh.
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Remark 2. The norms constructed above for the discrete space are equivalent to,
but not identical to, the Hs-norm from the continuous case.

Before considering proper preconditioning of the weak formulation of problem
(1), we illustrate the use of operator preconditioning with an example of a boundary
value problem where operators in fractional spaces are utilized to weakly enforce the
Dirichlet boundary conditions by Lagrange multipliers [6].

Example 3 (Dirichlet boundary conditions using the Lagrange multiplier). The
problem considered in [6] reads as follows: Find u such that

(9)

−∆u+ u = f in Ω,

u = g on Γ ⊂ ∂Ω,

∂nu = 0 on ∂Ω \ Γ.

Introducing a Lagrange multiplier p for the boundary value constraint and a trace
operator T : H1(Ω) → H

1
2 (Γ) leads to a variational problem for (u, p) ∈ H1 (Ω) ×

H−
1
2 (Γ) satisfying

(10)
(∇u,∇v)Ω + (u, v)Ω + 〈p, Tv〉Γ = (f, v)Ω , v ∈ H1 (Ω) ,

〈q, Tu〉Γ = 〈q, g〉Γ, q ∈ H− 1
2 (Γ) .

In terms of the framework of operator preconditioning, the variational problem (10)
defines an equation

(11) Ax = b, where A =

[
−∆Ω + I T ′

T 0

]
.

In [6] the problem is proved to be well-posed, and therefore A : V → V ∗ is a symmetric
isomorphism, where V = H1 (Ω) ×H− 1

2 (Γ) and x ∈ V , b ∈ V ∗. A preconditioner is
then B ∈ L (V ∗, V ), constructed such that B is a positive, self-adjoint isomorphism.
Then BA ∈ L (V ) is an isomorphism.

To discretize (11) we shall here employ finite element spaces Vh consisting of linear
continuous finite elements where Γh is formed by the facets of Ωh; cf. Figure 1. The
stability of discretizations of (10) (for the more general case where the discretization
of Ω and Γ are independent) is studied, e.g., in [40] and [42, Ch. 11.3].

The linear system resulting from discretization leads to the following system of
equations:

(12) BAx = Bb,

where

B =

[
A−1

H
(
− 1

2

)−1

]
and A =

[
A B>

B

]
.

The last block of the matrix preconditioner B is the inverse of the matrix constructed
by (8) (using discretization of an operator inducing the H1(Γ) norm on the second
subspace of Vh), and matrix BA has the same eigenvalues as operator BhAh.

Tables 1 and 2 consider the problem (10) with Ω the unit square and Γ its left
edge. In Table 1 we show the spectral condition number of the matrix BA as a function
of the discretization parameter h. It is evident that the condition number is bounded
by a constant.
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Table 1
The smallest and the largest eigen-

values and the spectral condition number
of matrix BA from system (12).

h λmin λmax κ
1.77× 10−1 0.311 1.750 5.622
8.84× 10−2 0.311 1.750 5.622
4.42× 10−2 0.311 1.750 5.622
2.21× 10−2 0.311 1.750 5.622
1.11× 10−2 0.311 1.750 5.622

Table 2
The number of iterations required for convergence

of the minimal residual method for system (12) with B
replaced by the approximation (13).

Size niters ‖u− uh‖1,Ω
4290 38 6.76× 10−2(1.00)
16770 40 3.38× 10−2(1.00)
66306 38 1.69× 10−2(1.00)
263682 38 8.45× 10−3(1.00)
1051650 39 4.23× 10−3(1.00)

Table 2 then reports the number of iterations required for convergence of the
minimal residual method [38] with the system (12) of different sizes. The iterations
are started from a random initial vector, and for convergence it is required that rk,
the kth residuum, satisfy rk

>Brk < 10−10. The operator B is the spectrally equivalent
approximation of B given as1

(13) B = diag
(
AMG (A) ,LU

(
H
(
− 1

2

)))
.

The iteration count appears to be bounded independently of the size of the linear
system.

Together the presented results indicate that the constructed preconditioner whose
discrete approximation utilizes matrices (8) is a good preconditioner for system (9).

Finally, with Ω ∈ R2, Γ ⊂ Ω of codimension one, we consider problem (1). The
weak formulation of (1a)–(1c), using the method of Lagrange multipliers, defines a
variational problem for the triplet (u, v, p) ∈ U × V ×Q,

(14)

(∇u,∇φ)Ω + 〈p, εTΓφ〉Γ = (f, φ)Ω , φ ∈ U,
(∇v,∇ψ)Γ − 〈p, ψ〉Γ = (g, ψ)Γ , ψ ∈ V,

〈χ, εTΓu− v〉Γ = 0, χ ∈ Q,

where U, V,Q are Hilbert spaces to be specified later. The well-posedness of (14)
is guaranteed provided that the celebrated Brezzi conditions (see Appendix A) are
fulfilled. We remark that

〈p, TΓφ〉Γ = 〈δΓp, φ〉Ω.

Hence δΓ is in our context the dual operator to the trace operator TΓ. Since TΓ :
H1

0 (Ω)→ H
1
2

00(Γ), then δΓ : H− 1
2 (Γ)→ H−1(Ω).

For our discussion of preconditioners it is suitable to recast (14) as an operator
equation for the self-adjoint operator A,

(15) A



u
v
p


 =



AU B∗U

AV B∗V
BU BV





u
v
p


 =



f
g


 ,

1 Here and in the subsequent numerical experiments AMG is the algebraic multigrid BOOMER-
AMG from the Hypre library [23], and LU is the direct solver from the UMFPACK library [19]. The
libraries were accessed through the interface provided by PETSc [7] version 3.5.3. To assemble the
relevant matrices FEniCS library [31] version 1.6.0 and its extension for block-structured systems
cbc.block [34] were used. The AMG preconditioner was used with the default options, except for
coarsening, which was set to Ruge–Stueben algorithm.
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with the operators Ai, Bi, i ∈ {U, V }, given by

〈AUu, φ〉Ω = (∇u,∇φ)Ω , 〈AV v, ψ〉Γ = (∇v,∇ψ)Γ ,

〈BUu, χ〉Γ = 〈χ, εTΓu〉Γ, 〈BV v, χ〉Γ = −〈χ, v〉Γ.

Further, for discussion of mapping properties of A it will be advantageous to consider
the operator as a map defined over space W ×Q, W = U × V as

(16) A =

[
A B∗

B

]
with A =

[
AU

AV

]
and B =

[
BU BV

]
.

Considering two different choices of spaces U , V , and Q, we will propose two
formulations that lead to different preconditioners:

(17) B−1
Q =



AU

AV
BUA

−1
U B∗U +BVA

−1
V B∗V




and

(18) B−1
W =



AU +B∗URBU

AV
BVA

−1
V B∗V


 .

Here R is the Riesz map from Q∗ to Q. Preconditioners of the form (17)–(18) will
be referred to as the Q-cap and the W -cap preconditioners. This naming convention
reflects the role intersection spaces play in the respected formulations. We remark that
the definitions should be understood as templates identifying the correct structure of
the preconditioner.

3. Q-cap preconditioner. Consider operator A from problem (15) as a map-
ping W ×Q→W ∗ ×Q∗,

(19)
W = H1

0 (Ω)×H1
0 (Γ) ,

Q = εH−
1
2 (Γ) ∩H−1 (Γ) .

The spaces are equipped with norms

(20) ‖w‖2W = |u|21,Ω + |v|21,Γ and ‖p‖2Q = ε2‖p‖2− 1
2,Γ

+ ‖p‖2−1,Γ.

Since H−
1
2 (Γ) is continuously embedded in H−1(Γ), the space Q is the same topo-

logical vector space as H−
1
2 (Γ), but equipped with an equivalent, ε-dependent inner

product. See also [9, Ch. 2]. The next theorem shows that this definition leads to a
well-posed problem.

We will need a right inverse of the trace operator and employ the following har-
monic extension. Let q ∈ H 1

2

00(Γ), and let u be the solution of the problem

(21)

−∆u = 0 in Ω \ Γ,

u = 0 on ∂Ω,

u = q on Γ.

Since the trace is surjective onto H
1
2

00(Γ), (21) has a solution u ∈ H1
0 (Ω) and |u|1,Ω ≤

C|q| 1
2,Γ for some constant C. We denote the harmonic extension operator by E, i.e.,

u = Eq with ‖E‖ ≤ C.
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Theorem 4. Let W and Q be the spaces (19). The operator A : W × Q →
W ∗ × Q∗, defined in (15), is an isomorphism, and the condition number of A is
bounded independently of ε > 0.

Proof. The statement follows from the Brezzi theorem, Theorem 13, once its
assumptions are verified. Since A induces the inner product on W , A is continuous
and coercive, and the conditions (51a) and (51b) hold. Next, we see that B is bounded:

〈Bw, q〉Γ = 〈q, εTΓu− v〉Γ
≤ ‖q‖− 1

2,Γ‖εTΓu‖ 1
2,Γ + ‖q‖−1,Γ|v|1,Γ

≤
(
1 + ‖TΓ‖

)√
ε2‖q‖2− 1

2,Γ
+ ‖q‖2−1,Γ

√
|u|21,Ω + |v|21,Γ

=
(
1 + ‖TΓ‖

)
‖q‖Q‖w‖W .

It remains to show the inf-sup condition (51d). Since the trace is bounded and sur-
jective, for all ξ ∈ H 1

2

00(Γ) we let u be defined in terms of the harmonic extension (21)
such that u = ε−1Eξ and |u|1,Ω ≤ ε−1‖E‖‖ξ‖ 1

2,Γ. Hence,

sup
w∈W

〈Bw, q〉Γ
‖w‖W

= sup
w∈W

〈q, εTΓu− v〉Γ√
|u|21,Ω + |v|21,Γ

≥
(
1 + ‖E‖

)−1
sup

(ξ,v)∈H
1
2

00(Γ)×H1
0 (Γ)

〈q, ξ + v〉Γ√
ε−2‖ξ‖21

2,Γ
+ ‖v‖21,Γ

.

Note that we have the identity

Q∗ =
(
εH−

1
2 (Γ) ∩H−1(Γ)

)∗
= ε−1H

1
2

00(Γ) +H1
0 (Γ),

equipped with the norm

‖q∗‖Q∗ = inf
q∗=q∗1+q∗2

ε−2‖q∗1‖212,Γ + |q∗2 |21,Γ.

See also [9]. It follows that

sup
(ξ,v)∈H 1

2 (Γ)×H1
0 (Γ)

〈q, ξ + v〉Γ√
ε−2‖ξ‖21

2,Γ
+ |v|21,Γ

= sup
ζ∈Q∗

sup
ξ+v=ζ
v∈H1

0 (Γ)

〈q, ξ + v〉Γ√
ε−2‖ξ‖21

2,Γ
+ |v|21,Γ

= sup
ζ∈Q∗

〈q, ζ〉Γ
inf

ξ+v=ζ
v∈H1

0 (Γ)

√
ε−2‖ξ‖21

2,Γ
+ |v|21,Γ

= ‖q‖Q∗∗ = ‖q‖Q.

Consequently, condition (51d) holds with a constant independent of ε.

Following Theorem 4 and [35], a preconditioner for the symmetric isomorphic
operator A is the Riesz mapping W ∗ ×Q∗ to W ×Q:

(22) BQ =



−∆Ω

−∆Γ

ε2∆
− 1

2

Γ + ∆−1
Γ



−1

.
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B970 KUCHTA, NORDAAS, VERSCHAEVE, MORTENSEN, MARDAL

Here ∆s
Γ is defined by 〈∆s

Γv, w〉Γ = (v, w)Hs
, with the Hs-inner product defined by

(7). Hence the norm induced on W × Q by the operator B−1
Q is not (20) but an

equivalent norm

〈BQ−1x, x〉 = |u|21,Ω + |v|21,Γ + ε2‖p‖2H− 1
2
(Γ) + ‖p‖2H−1(Γ)

for any x = (u, v, p) ∈W ×Q. Note that BQ fits the template defined in (17).

(a) (b)

Fig. 1. Geometrical configurations and their sample triangulations considered in the numerical
experiments.

3.1. Discrete Q-cap preconditioner. Following Theorem 4, the Q-cap pre-
conditioner (22) is a good preconditioner for operator equation Ax = b with the
condition number independent of the material parameter ε. To translate the precon-
ditioned operator equation BQAx = BQb into a stable linear system it is necessary
to employ suitable discretization. In particular, the Brezzi conditions must hold on
each approximation space Wh ×Qh with constants independent of the discretization
parameter h. Such a suitable discretization will be referred to as stable.

Let us consider a stable discretization of operator A from Theorem 4 by finite
dimensional spaces Uh, Vh, and Qh defined as

Uh = span {φi}nU
i=1, Vh = span {ψi}nV

i=1, Qh = span {χi}nQ

i=1.

Then the Galerkin method for problem (15) reads as follows: Find (uh, vh, ph) ∈
Uh × Vh ×Qh such that

(∇uh,∇φ)Ω + 〈ph, εTΓφ〉Γ = (f, φ)Ω , φ ∈ Uh,
(∇vh,∇ψ)Γ − 〈ph, ψ〉Γ = (g, ψ)Γ , ψ ∈ Vh,

〈χ, εTΓuh − vh〉Γ = 0, χ ∈ Qh.

Further, we shall define matrices AU , AV and BU , BV in the following way:

(23)

AU ∈ RnU×nU , (AU )i,j = (∇φj ,∇φi)Ω ,

AV ∈ RnV ×nV , (AV )i,j = (∇ψj ,∇ψi)Γ ,

BU ∈ RnQ×nU , (BU )i,j = 〈εTΓφj , χi〉Γ,
BV ∈ RnQ×nV , (BV )i,j = −〈ψj , χi〉Γ.
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We note that BV can be viewed as a representation of the negative identity mapping
between spaces Vh and Qh. Similarly, matrix BU can be viewed as a composite,
BU = MUQT. Here MUQ is the representation of an identity map from space Uh

to space Qh. The space Uh is the image of Uh under the trace mapping TΓ. We
shall respectively denote the dimension of the space and its basis functions nU and
φi, i ∈ [1, nU ]. Matrix T ∈ RnU×nU is then a representation of the trace mapping
TΓ : Uh → Uh.

We note that the rank of T is nQ, and mirroring the continuous operator TΓ, the
matrix has a unique right inverse T+. We refer the reader to [36] for the continuous
case. The matrix T+ can be computed as a pseudoinverse via the reduced singular
value decomposition TU = QΣ; see, e.g., [45, Ch. 11]. Then T+ = UΣ−1Q. Here, the
columns of U can be viewed as coordinates of functions φi zero-extended to Ω such
that they form the l2 orthonormal basis of the subspace of RnU where the problem
Tu = u is solvable. Further, the kernel of T is spanned by nU -vectors representing
those functions in Uh whose trace on Γ is zero.

For the space Uh constructed by the finite element method with the triangula-
tion of Ω such that Γ is aligned with the element boundaries (cf. Figure 1), it is a
consequence of the nodality of the basis that T+ = T>.

With definitions (23) we use A to represent the operator A from (15) in the basis
of Wh ×Qh:

(24) A =




AU BU
>

AV BV
>

BU BV


 .

Finally, a discrete Q-cap preconditioner is defined as a matrix representation of (22)
with respect to the basis of Wh ×Qh:

(25) BQ =




AU
AV

ε2H
(
− 1

2

)
+ H(−1)



−1

.

The matrices A, M which are used to compute the values H(·) through the definition
(8) have the properties |p|21,Γ = p>Ap and ‖p‖20,Γ = p>Mp for every p ∈ Qh and p ∈ RnQ

its coordinate vector. Note that due to properties of matrices H(·), the matrix NQ,

(26) NQ =
[
ε2H
(
− 1

2

)
+ H(−1)

]−1
= U

[
ε2Λ−

1
2 + Λ−1

]−1
U>,

is the inverse of the final block of BQ.
By Theorem 4 and the assumption on spaces Wh × Qh being stable, the matrix

BQA has a spectrum bounded independently of the parameter ε and the size of the
system or equivalently discretization parameter h. In turn, BQ is a good precondi-
tioner for matrix A. To demonstrate this property we shall now construct a stable
discretization of the space W ×Q using the finite element method.

3.2. Stable subspaces for Q-cap preconditioner. For h > 0 fixed, let Ωh
be the polygonal approximation of Ω. For the set Ω̄h, we construct a shape-regular
triangulation consisting of closed triangles Ki such that Γ ∩Ki is an edge ei of the
triangle. Let Γh be a union of such edges. The discrete spaces Wh ⊂W and Qh ⊂ Q
shall be defined in the following way. Let

(27)
Uh = {v ∈ C

(
Ωh
)

: v|K = P1 (K)},
Vh = {v ∈ C

(
Γh
)

: v|e = P1 (e)},
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where P1 (D) are linear polynomials on the simplex D. Then we set

(28)
Wh =

(
Uh ∩H1

0 (Ω)
)
×
(
Vh ∩H1

0 (Γ)
)
,

Qh = Vh ∩H1
0 (Γ).

Let Ah, Bh be the finite dimensional operators defined on the approximation
spaces (28) in terms of the Galerkin method for operators A,B in (16). Since the
constructed spaces are conforming, the operators Ah, Bh are continuous with respect
to the norms (20). Further, Ah is W -elliptic on Wh since the operator defines an inner
product on the discrete space. Thus, to show that the spaces Wh ×Qh are stable, it
remains to show that the discrete inf-sup condition holds.

Lemma 5. Let Wh ⊂ W , Qh ⊂ Q be the spaces (28). Further, let ‖·‖W , ‖·‖Q
be the norms (20). Finally, let Bh be such that 〈Bhwh, qh〉Γ = 〈Bw, qh〉Γ, w ∈ W .
There exists a constant β > 0 such that

(29) inf
qh∈Qh

sup
wh∈Wh

〈Bhwh, qh〉Γ
‖wh‖W ‖qh‖Q

≥ β.

Proof. Recall that Q = εH−
1
2 (Γ)∩H−1 (Γ). We follow the steps of the continuous

inf-sup condition in reverse order. By definition,

‖qh‖Q = sup
p∈εH

1
2

00(Γ)+H1
0 (Γ)

〈qh, p〉Γ
inf

p=p1+p2

√
ε−2‖p1‖21

2,Γ
+ |p2|21,Γ

= sup
p

sup
p=p1+p2

〈qh, p1〉Γ + 〈qh, p2〉Γ√
ε−2‖p1‖21

2,Γ
+ |p2|21,Γ

.

(30)

For each p1 ∈ H
1
2

00 (Γ), let uh ∈ Uh be the weak solution of the boundary value problem

−∆u = 0 in Ω,

εu = p1 on Γ,

u = 0 on ∂Ω.

Then εTΓuh = p1 in H
1
2

00 (Γ) and ε|uh|1,Ω ≤ C‖p1‖ 1
2,Γ for some constant C depending

only on Ω and Γ. For each p2 ∈ H1
0 (Γ), let vh ∈ Vh be the L2 projection of p2 onto

the space Vh:

(31) 〈vh − p2, z〉Γ = 0, z ∈ Vh.
By construction we then have 〈qh, p2−vh〉Γ = 0 for all qh ∈ Qh and ‖vh‖0,Γ ≤ ‖p2‖0,Γ.
Moreover, for shape-regular triangulation, the projection Π : H1

0 (Γ)→ Vh, vh = Πp2

is bounded in the H1
0 norm:

(32) |vh|1,Γ ≤ |p2|1,Γ.
We refer the reader to [10, Ch. 7] for this result. For constructed uh, vh it follows
from (30) that

‖qh‖Q . sup
wh∈Uh+Vh

sup
wh=uh+vh

〈qh, εTΓuh + vh〉Γ√
|uh|21,Ω + |vh|21,Γ

= sup
(uh,vh)∈Uh×Vh

〈qh, εTΓuh + vh〉Γ
‖(uh, vh)‖W

= sup
wh∈Wh

〈Bhwh, qh〉Γ
‖wh‖W

.
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The constructed stable discretizations (28) are a special case of conforming spaces
built from Uh;k ⊂ H1 (Ω) and Vh;l ⊂ H1 (Γ) defined as

(33)
Uh;k = {v ∈ C

(
Ωh
)

: v|K = Pk (K)},
Vh;l = {v ∈ C

(
Γh
)

: v|e = Pl (e)}.

The following corollary gives a necessary compatibility condition on polynomial
degrees in order to build inf-sup stable spaces from components (33).

Corollary 6. Let Wh;k,l =
(
Uh;k ∩H1

0 (Ω)
)
×
(
Vh;l ∩H1

0 (Γ)
)

and Qh;m = Vh;m∩
H1

0 (Γ). The necessary condition for (29) to hold with space Wh;k,l × Qh;m is that
m ≤ max (k, l).

Proof. Note that TΓuh−vh is a piecewise polynomial of degree max (k, l). Suppose
m > max (k, l). Then for each (uh, vh) ∈Wh;k,l we can find an orthogonal polynomial
0 6= qh ∈ Qh;m such that

〈qh, TΓuh − vh〉Γ = 0.

In turn, β = 0 in (29), and the discrete inf-sup condition cannot hold.

3.3. Numerical experiments. Let now A, BQ be the matrices (24), (25) as-
sembled over the constructed stable spaces (28). We demonstrate the robustness of the
Q-cap preconditioner (22) through a pair of numerical experiments. First, the exact
preconditioner represented by the matrix BQ is considered, and we are interested in
the condition number of BQA for different values of the parameter ε. The spectral con-
dition number is computed from the smallest and largest (in magnitude) eigenvalues of
the generalized eigenvalue problem Ax = λB−1

Qx, which is here solved by SLEPc [27].2

The obtained results are reported in Table 3. In general, the condition numbers are
well behaved, indicating that BQ defines a parameter robust preconditioner. We note
that for ε� 1 the spectral condition number is close to

(
1 +
√

5
)
/
(√

5− 1
) ≈ 2.618. In

section 3.4 this observation is explained by the relation of the proposed preconditioner
BQ and the matrix preconditioner of Murphy, Golub, and Wathen [37].

Table 3
Spectral condition numbers of matrices BQA for the system assembled on geometry (a) in Figure

1.

Size nQ
log10 ε

−3 −2 −1 0 1 2 3
99 9 2.655 2.969 4.786 6.979 7.328 7.357 7.360
323 17 2.698 3.323 5.966 7.597 7.697 7.715 7.717
1155 33 2.778 3.905 7.031 7.882 7.818 7.816 7.816
4355 65 2.932 4.769 7.830 8.016 7.855 7.843 7.843
16899 129 3.217 5.857 8.343 8.081 7.868 7.854 7.852
66563 257 3.710 6.964 8.637 8.113 7.872 7.856 7.855

In the second experiment, we monitor the number of iterations required for con-
vergence of the MinRes method [38] (the implementation is provided by cbc.block
[34]) applied to the preconditioned equation BQAx = BQb. The operator BQ is an

2We use the generalized Davidson method with the Cholesky preconditioner and convergence
tolerance 10−8.
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efficient and spectrally equivalent approximation of BQ,

(34) BQ =




AMG (AU )
LU(AV )

NQ


 ,

with NQ defined in (26). The iterations are started from a random initial vector,
and as a stopping criterion a condition on the magnitude of the kth preconditioned
residual rk, rk

>BQrk < 10−12 is used. The observed number of iterations is shown in
Table 4. Robustness with respect to size of the system and the material parameter
is evident as the iteration count is bounded for all the considered discretizations and
values of ε.

Table 4
Iteration count for convergence of BQAx = BQb solved with the minimal residual method. The

problem is assembled on geometry (a) from Figure 1.

Size nQ
log10 ε

−3 −2 −1 0 1 2 3
66563 257 20 34 37 32 28 24 21
264195 513 22 34 34 30 26 24 20
1052675 1025 24 33 32 28 26 22 18
4202499 2049 26 32 30 26 24 20 17
8398403 2897 26 30 30 26 22 19 15
11075583 3327 26 30 30 26 22 19 15

Comparing Tables 3 and 4, we observe that the ε-behavior of the condition number
and the iteration counts are different. In particular, fewer iterations are required for
ε = 103 than for ε = 10−3, while the condition number in the former case is larger.
Moreover, the condition numbers for ε > 1 are almost identical, whereas the iteration
counts decrease as the parameter grows. We note that these observations should
be viewed in light of the fact that the convergence of the minimal residual method
in general does not depend solely on the condition number (e.g., [29]), and a more
detailed knowledge of the eigenvalues is required to understand the behavior.

Having proved and numerically verified the properties of the Q-cap precondi-
tioner, we shall in the next section link BQ to a block diagonal matrix preconditioner
suggested by Murphy, Golub, and Wathen [37]. Both matrices are assumed to be as-
sembled on the spaces (28), and the main objective of the section is to prove spectral
equivalence of the two preconditioners.

3.4. Relation to Schur complement preconditioner. Consider a linear sys-
tem Ax = b with an indefinite matrix (24) which shall be preconditioned by a block
diagonal matrix

(35) B = diag (AU ,AV ,S)
−1
, S = BUAU

−1BU
> + BV AV

−1BV
>,

where S is the negative Schur complement of A. Following [37], the spectrum of
BA consists of three distinct eigenvalues. In fact, ρ (BA) = {1, 1

2 ± 1
2

√
5}. A suitable

Krylov method is thus expected to converge in no more than three iterations. However,
in its presented form, B does not define an efficient preconditioner. In particular,
the cost of setting up the Schur complement comes close to inverting the system
matrix A. Therefore, a cheaply computable approximation of S is needed to make the
preconditioner practical (see, e.g., [8, Ch. 10.1] for an overview of generic methods

D
ow

nl
oa

de
d 

02
/0

3/
17

 to
 1

29
.2

40
.0

.8
3.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PRECONDITIONING FOR TRACE CONSTRAINED SYSTEMS B975

for constructing the approximation). We proceed to show that if spaces (28) are used
for discretization, the Schur complement is more efficiently approximated with the
inverse of the matrix NQ defined in (26).

Let Wh, Qh be the spaces (28). Then the mass matrix MUQ = MV Q (cf. the
discussion prior to (23)), and the matrix will be referred to as M. Moreover, let us
set AV = A. With these definitions the Schur complement of A reads

(36) S = ε2MTAU
−1T>M + MA−1M.

Further, note that such matrices A, M are suitable for constructing the approximation
of the Hs norm on the space Qh by the mapping (8). In particular, A is such that
|p|21,Γ = p>Ap with p ∈ Qh and p ∈ RnQ its coordinate vector. In turn, the inverse of
the matrix NQ reads

(37) NQ
−1 = (MU)

(
ε2Λ−

1
2 + Λ−1

)
(MU)

>
= ε2H

(
− 1

2

)
+ H(−1) .

Recalling that H(−1) = MA−1M and contrasting (36) with (37), we see that the
matrices differ only in the first terms. We shall first show that if the terms are
spectrally equivalent, then so are S and NQ

−1.

Theorem 7. Let S, NQ
−1 be the matrices defined, respectively, in (36) and (37),

and let nQ be their size. Assume that there exist positive constants c1, c2 dependent
only on Ω and Γ such that for every nQ > 0 and any p ∈ RnQ

c1p>H
(
− 1

2

)
p ≤ p>MTAU

−1T>Mp ≤ c2p>H
(
− 1

2

)
p.

Then, for each nQ > 0, matrix S is spectrally equivalent with NQ
−1.

Proof. By direct calculation we have

p>Sp = ε2p>MTAU
−1T>Mp + p>H(−1) p

≤ c2ε2p>H
(
− 1

2

)
p + p>H(−1) p

≤ C2p>NQ
−1p

for C2 =
√

1 + c22. The existence of the lower bound follows from the estimate

p>Sp ≥ c1ε2p>H
(
− 1

2

)
p + p>H(−1) p ≥ C1p>NQ

−1p

with C1 = min (1, c1).

The spectral equivalence of preconditioners BQ and B now follows immediately
from Theorem 7. Note that for ε � 1 the term H(−1) dominates both S and NQ

−1.
In turn, the spectrum of BA is expected to approximate well the eigenvalues of BQA.
This is then a qualitative explanation of why the spectral condition numbers of BQA
observed for ε = 10−3 in Table 3 are close to

(
1 +
√

5
)
/
(√

5− 1
)
. It remains to prove

that the assumption of Theorem 7 holds.

Lemma 8. There exist constants c1, c2 > 0 depending only on Ω,Γ such that for
all nQ > 0 and p ∈ RnQ

c1p>H
(
− 1

2

)
p ≤ p>MTAU

−1T>Mp ≤ c2p>H
(
− 1

2

)
p.
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Proof. For the sake of readability let n = nQ and m = nU . Since M is sym-

metric and invertible, H
(
− 1

2

)
= MUΛ−

1
2 U>M and UΛ−

1
2 U> = H

(
1
2

)−1
, the statement is

equivalent to

(38) c1y>H
(

1
2

)−1
y ≤ y>TAU

−1T>y ≤ c2y>H
(

1
2

)−1
y for all y ∈ Rm.

The proof is based on properties of the continuous trace operator TΓ. Recall the trace
inequality: There exists a positive constant K2 = K2 (Ω,Γ) such that ‖TΓu‖ 1

2,Γ ≤
K2|u|1,Ω for all u ∈ H1

0 (Ω). From here it follows that the sequence {λmax
m }, where for

each m value λmax
m is the largest eigenvalue of the eigenvalue problem

(39) T>H
(

1
2

)
Tu = λAUu,

is bounded from above by K2. Note that the eigenvalue problem can be solved with
a nontrivial eigenvalue only for u ∈ Rn for which there exists some q ∈ Rm such that
u = T>q. Consequently, the eigenvalue problem becomes T>H

(
1
2

)
q = λAUT>q. Next,

applying the inverse of AU and the trace matrix yields TAU
−1T>H

(
1
2

)
q = λq. Finally,

setting q = H
(

1
2

)−1
p yields

(40) TAU
−1T>p = λH

(
1
2

)−1
p.

Thus the largest eigenvalues of (39) and (40) coincide, and, in turn, C2 = K2. Fur-
ther, (40) has only positive eigenvalues, and the smallest nonzero eigenvalue of (39)
is the smallest eigenvalue λmin

m of (40). Therefore, for all y ∈ Rm it holds that
λmin
m y>H

(
1
2

)−1
y ≤ y>TAU

−1T>y. But the sequence {λmin
m } is bounded from below since

the right-inverse of the trace operator is bounded [36].

The proof of Lemma 8 suggests that the constants c1, c2 for spectral equivalence
are computable as the limit of convergent sequences {λmin

m }, {λmax
m } consisting of the

smallest and largest eigenvalues of the generalized eigenvalue problem (40). Con-
vergence of such sequences for the two geometries in Figure 1 is shown in Figure 2.
For the simple geometry (a), the sequences converge rather fast, and the equivalence
constants c1, c2 are clearly visible in the figure. Convergence on the more complex
geometry (b) is slower.

So far we have by Theorem 4 and Lemma 5 that the condition numbers of matrices
BQA assembled over spaces (28) are bounded by constants independent of {h, ε}. A
more detailed characterization of the spectrum of the system preconditioned by the Q-
cap preconditioner is given next. In particular, we relate the spectrum to computable
bounds C1, C2 and characterize the distribution of eigenvalues. Further, the effect of
varying ε (cf. Tables 3–4) is illustrated by numerical experiment.

3.5. Spectrum of the Q-cap preconditioned system. In the following, the
left-right preconditioning of A based on BQ is considered, and we are interested in the
spectrum of

(41) B
1
2

QAB
1
2

Q =




IU A
− 1

2

U BU
>NQ

1
2

IV A
− 1

2

V BV
>NQ

1
2

N
1
2

QBUA
− 1

2

U N
1
2

QBV A
− 1

2

V


 .

The spectra of the left preconditioner system BQA and the left-right preconditioned

system B
1
2

QAB
1
2

Q are identical. Using results of [41] the spectrum ρ of (41) is such that
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101 102 103

0.2

0.4

0.6

m

λ

min(a) max(a)

min(b) max(b)

Fig. 2. Convergence of sequences {λmax
m } {λmin

m } from Lemma 8 for geometries in Figure 1. For
all sequences but max (b) the constant bound is reached within the considered range of discretization
parameter m = nQ.

ρ = I− ∪ I+ with

(42) I− =

[
1−

√
1 + 4σ2

max

2
,

1−
√

1 + 4σ2
min

2

]
, I+ =

[
1,

1 +
√

1 + 4σ2
max

2

]
,

and σmin, σmax the smallest and largest singular values of the block matrix formed by
the first two row blocks in the last column of B

1
2

QAB
1
2

Q. We shall denote the matrix as
D:

D =

[
A
− 1

2

U BU
>NQ

1
2

A
− 1

2

V BV
>NQ

1
2

]
.

Proposition 9. The condition number κ (BQA) is bounded such that

κ (BQA) ≤ 1 +
√

1 + 4C2

1−√1 + 4C1

,

where C1, C2 are the spectral equivalence bounds from Theorem 7.

Proof. Note that the singular values of matrix D and the eigenvalues of matrix
NQ

1
2 SNQ

1
2 are identical. Further, using Theorem 7 with p = NQ

1
2 q, q ∈ RnQ yields

C1q>q ≤ q>NQ
1
2 SNQ

1
2 q ≤ C2q>q for all q ∈ RnQ .

In turn, the spectrum of matrices NQ
1
2 SN

1
2

Q is contained in the interval [C1, C2]. The
statement now follows from (42).

From numerical experiments we observe that the bound due to Proposition 9
slightly overestimates the condition number of the system. For example, using nu-
merical trace bounds (cf. Figure 2) of geometry (a) in Figure 1, c1 = 0.204, c2 = 0.499,
and Theorem 7, the formula yields 9.607 as the upper bound on the condition number.
On the other hand, condition numbers reported in Table 3 do not exceed 8.637. Sim-
ilarly, using estimated bounds for geometry (b), c1 = 0.237, c2 = 0.716, the formula
gives the upper bound 8.676. The largest condition number in our experiments (not
reported here) was 7.404.
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ε = 10−3 ε = 100 ε = 103

1−
√

5
2

0

1

1+
√

5
2

Fig. 3. Eigenvalues of matrices BQA assembled on geometries from Figure 1 for three different
values of ε. The value of ε is indicated by gray vertical lines. On the left side of the lines is the
spectrum for configuration (a). The spectrum for geometry (b) is then plotted on the right side. For
ε � 1 the eigenvalues cluster near λ = 1 and λ = 1

2
± 1

2

√
5 (indicated by gray horizontal lines),

which form the spectrum of BA.

It is clear that (42) could be used to analyze the effect of the parameter ε on
the spectrum provided that the singular values σmin, σmax were given as functions
of ε. We do not attempt to give this characterization here. Instead the effect of ε
is illustrated by a numerical experiment. Figure 3 considers the spectrum of BQA
assembled on geometries from Figure 1 and three different values of the parameter.
The systems from the two geometrical configurations are similar in size: 4355 for (a)
and 4493 for (b). Note that for ε� 1 the eigenvalues for both configurations cluster
near λ = 1 and λ = 1

2 ± 1
2

√
5, that is, near the eigenvalues of BA. This observation

is expected in light of the discussion following Theorem 7. With ε increasing, the
difference between BQ and B caused by H

(
− 1

2

)
becomes visible as the eigenvalues

are no longer clustered. Observe that in these cases the lengths of intervals I−, I+

are greater for geometry (b). This observation can be qualitatively understood via
Proposition 9, Theorem 7, and Figure 2, where the trace map constants c1, c2 of
configuration (a) are more widely spread than those of (b).

4. W -cap preconditioner. To circumvent the need for mappings involving
fractional Sobolev spaces, we shall next study a different preconditioner for (14). As
will be seen, the new W -cap preconditioner (18) is still robust with respect to the
material and discretization parameters.

Consider operator A from problem (15) as a mapping W ×Q→ W ∗ ×Q∗, with
spaces W,Q defined as

(43)
W =

(
H1

0 (Ω) ∩ εH1
0 (Γ)

)
×H1

0 (Γ) ,

Q = H−1 (Γ) .

The spaces are equipped with norms

(44) ‖w‖2W = |u|21,Ω + ε2|TΓu|21,Γ + |v|21,Γ and ‖p‖2Q = ‖p‖2−1,Γ.

Note that the trace of functions from space U is here controlled in the norm |·|1,Γ and
not the fractional norm ‖·‖ 1

2,Γ, as was the case in section 3. Also note that the space
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W now is dependent on ε while Q is not. The following result establishes the well-
posedness of (14) with the above spaces.

Theorem 10. Let W and Q be the spaces (43). The operator A : W × Q →
W ∗ × Q∗, defined in (15), is an isomorphism, and the condition number of A is
bounded independently of ε > 0.

Proof. The proof proceeds by verifying the Brezzi conditions in Theorem 13. With
w = (u, v), ω = (φ, ψ), application of the Cauchy–Schwarz inequality yields

〈Aw,ω〉Ω = (∇u,∇φ)Ω + (∇v,∇ψ)Γ

≤ |u|1,Ω|φ|1,Ω + |v|1,Γ|ψ|1,Γ
≤ |u|1,Ω|φ|1,Ω + ε2|TΓu|1,Γ|φ|1,Γ + |v|1,Γ|ψ|1,Γ
≤ ‖w‖W ‖ω‖W .

Therefore, A is bounded with ‖A‖ = 1, and (51a) holds. The coercivity of A on kerB
for (51b) is obtained from

inf
w∈kerB

〈Aw,w〉Ω
‖w‖2W

= inf
w∈kerB

|u|21,Ω + |v|21,Γ
|u|21,Ω + ε2|TΓu|21,Γ + |v|21,Γ

= inf
w∈kerB

|u|21,Ω + |v|21,Γ
|u|21,Ω + 2|v|21,Γ

≥ 1

2
,

where we used that εTΓu = v a.e. on the kernel. Consequently, α = 1
2 . Boundedness

of B in (51c) with a constant ‖B‖ =
√

2 follows from the Cauchy–Schwarz inequality:

〈Bw, q〉Γ ≤ ‖q‖−1,Γε|TΓu|1,Γ + ‖q‖−1,Γ|v|1,Γ
≤
√

2‖q‖Q
√
ε2|TΓu|21,Γ + |v|21,Γ

≤
√

2‖q‖Q
√
|u|21,Ω + ε2|TΓu|21,Γ + |v|21,Γ

≤
√

2‖q‖Q‖w‖W .

To show that the inf-sup condition holds, compute

sup
w∈W

〈Bw, q〉Γ
‖w‖W

= sup
w∈W

〈q, εTΓu− v〉Γ√
|u|21,Ω + ε2|TΓu|21,Γ + |v|21,Γ

u=0
≥ sup

v∈V

〈q, v〉Γ
|v|1,Γ

= ‖q‖Q.

Thus β = 1 in condition (51d).

Following Theorem 10, the operatorA is a symmetric isomorphism between spaces
W × Q and W ∗ × Q∗. As a preconditioner we shall consider a symmetric positive-
definite isomorphism W ∗ ×Q∗ →W ×Q:

(45) BW =



(
−∆Ω + T ∗Γ

(
−ε2∆Γ

)
TΓ

)−1

(−∆Γ)
−1

−∆Γ


 .
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4.1. Discrete preconditioner. Similar to section 3.1, we shall construct dis-
cretizations Wh ×Qh of space W ×Q (43) such that the finite dimensional operator
Ah defined by considering A from (15) on the constructed spaces satisfies the Brezzi
conditions in Theorem 13.

Let Wh ⊂ W and Qh ⊂ Q be the spaces (28) of continuous piecewise linear
polynomials. Then Ah, Bh are continuous with respect to norms (44), and it remains
to verify conditions (51a) and (51d). First, coercivity of Ah is considered.

Lemma 11. Let Wh, Qh be the spaces (28), and let Ah, Bh be such that 〈Aw,ωh〉Ω
= 〈Ahwh, ωh〉Ω, 〈Bw, qh〉Γ = 〈Bhwh, qh〉Γ for ωh, wh ∈ Wh, w ∈ W , and qh ∈ Qh.
Then there exists a constant α > 0 such that, for all zh ∈ kerBh,

〈Ahzh, zh〉 ≥ α‖zh‖W ,

where ‖·‖W is defined in (44).

Proof. The claim follows from coercivity of A over kerB (cf. Theorem 10) and the
property kerBh ⊂ kerB. To see that the inclusion holds, let zh ∈ kerBh. Since zh is
continuous on Γ, we have from definition 〈zh, qh〉Γ = 0 for all qh ∈ Qh that zh|Γ = 0.
But then 〈zh, q〉 = 0 for all q ∈ Q, and therefore zh ∈ kerB.

Finally, to show that the discretization Wh×Qh is stable, we show that the inf-sup
condition for Bh holds.

Lemma 12. Let spaces Wh, Qh and operator Bh from Lemma 11 be given. Then
there exists β > 0 such that

(46) inf
qh∈Qh

sup
wh∈Wh

〈Bhwh, qh〉Γ
‖wh‖W ‖qh‖Q

≥ β,

where ‖·‖Q is defined in (44).

Proof. We first proceed as in the proof of Theorem 10 and compute

(47) sup
wh∈Wh

〈qh, εTΓuh − vh〉Γ
‖wh‖W

uh=0
≥ sup

vh∈Vh

〈vh, qh〉Γ
|vh|1,Γ

.

Next, for each p ∈ H1
0 (Γ), let vh = Πp be the element of Vh defined in the proof of

Lemma 5. In particular, it holds that

〈p− vh, qh〉Γ = 0, qh ∈ Qh,

and |vh|1,Γ ≤ C|p|1,Γ for some constant C depending only on Ω and Γ. Then

‖qh‖−1,Γ = sup
p∈H1

0 (Γ)

〈qh, p〉Γ
|p|1,Γ

≤ C sup
vh∈Vh

〈qh, vh〉Γ
|vh|1,Γ

.

The estimate together with (47) proves the claim of the lemma.

Let now AU ,AV and BU ,BV be the matrices defined in (23) as representations of
the corresponding finite dimensional operators in the basis of the stable spaces Wh

and Qh. We shall represent the preconditioner BW by a matrix

(48) BW =




(
AU + ε2T>AT

)−1

(AV )
−1

H(−1)
−1


 ,
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where H(−1)
−1

= M−1AM−1 (cf. (8)) and M, A are the matrices inducing L2 and
H1

0 inner products on Qh. Let us point out that there is an obvious correspondence
between the matrix preconditioner BW and the operator BW defined in (18). On
the other hand, it is not entirely straightforward that the matrix BW represents the
W -cap preconditioner defined in (45). In particular, since the isomorphism from
Q∗ = H1

0 (Γ) to Q = H−1(Γ) is realized by the Laplacian, a case could be made for
using the stiffness matrix A as a suitable representation of the operator.

Let us first argue for A not being a suitable representation for preconditioning.
Note that the role of matrix A ∈ Rm×n in a linear system Ax = b is to transform
vectors from the solution space Rn to the residual space Rm. In the case when
the matrix is invertible, the spaces coincide. However, to emphasize the conceptual
difference between the spaces, let us write A : Rn → Rn∗. Then a preconditioner
matrix is a mapping B : Rn∗ → Rn. The stiffness matrix A, however, is such that
A : RnQ → RnQ∗.

It remains to show that M−1AM−1 is the correct representation of A = −∆Γ.
Recall that Qh ⊂ Q∗ and A is the matrix representation of operator Ah : Qh → Q∗h.
Further, mappings πh : Qh → RnQ , µh : Q∗h → RnQ∗,

ph =
∑

j

(πhph)jχj , ph ∈ Qh, and (µhfh)j = 〈fj , χj〉, fh ∈ Q∗h,

define isomorphisms between3 spaces Qh, RnQ and Q∗h, RnQ∗, respectively. We can
uniquely associate each ph ∈ Qh with a functional in Q∗h via the Riesz map Ih : Qh →
Q∗h defined as 〈Ihph, qh〉Γ = (ph, qh)Γ. Since

(µhIhph)j = (Ihph, χj)Γ =
∑

i

(πhph)i (χi, χj)Γ ,

the operator Ih is represented as the mass matrix M. The matrix then provides a
natural isomorphism from RnQ to RnQ∗. In turn, M−1AM−1 : RnQ∗ → RnQ has the
desired mapping properties. In conclusion, the inverse of the mass matrix was used
in (48) as a natural adapter to obtain a matrix operating between spaces suitable for
preconditioning.

Finally, we make a few observations about the matrix preconditioner BW . Recall
that the Q-cap preconditioner BQ could be related to the Schur complement based
preconditioner (35) obtained by factorizing A in (24). The relation of A to the W -cap
preconditioner matrix (48) is revealed in the following calculation:

(49) ULA =




AV + ε2T>AT
τ2A −M

−εMT MA−1M


 ,

where

U =




I −T>εAM−1

I
I


 and L =




I
I

−MA−1 −I


 .

3Note that in section 1 the mapping µh was considered as µh : Q∗h → RnQ . The definition
used here reflects the conceptual distinction between spaces RnQ and RnQ∗. That is, µh is viewed
as a map from the space of right-hand sides of the operator equation Ahph = Lh to the space of
right-hand sides of the corresponding matrix equation Ap = b.
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Here the matrix L introduces a Schur complement of a submatrix of A correspond-
ing to spaces Vh, Qh.The matrix U then eliminates the constraint on the space Uh.
Preconditioner BW could now be interpreted as coming from the diagonal of the re-
sulting matrix in (49). Further, note that the action of the Qh-block can be computed
cheaply by Jacobi iterations with a diagonally preconditioned mass matrix (cf. [47]).

Table 5
Spectral condition numbers of matrices BWA for the system assembled on geometry (a) in Figure

1.

Size
log10 ε

−3 −2 −1 0 1 2 3
99 2.619 2.627 2.546 3.615 3.998 4.044 4.048
323 2.623 2.653 2.780 3.813 4.023 4.046 4.049
1155 2.631 2.692 3.194 3.925 4.036 4.048 4.049
4355 2.644 2.740 3.533 3.986 4.042 4.048 4.049
16899 2.668 2.788 3.761 4.017 4.046 4.049 4.049
66563 2.703 3.066 3.896 4.033 4.047 4.049 4.049

4.2. Numerical experiments. Parameter robust properties of the W -cap pre-
conditioner are demonstrated by the two numerical experiments used to validate the
Q-cap preconditioner in section 3.3. Both experiments use discretization of domain
(a) from Figure 1. First, using the exact preconditioner, we consider the spectral
condition numbers of matrices BWA. Next, using an approximation of BW , the linear
system BWAx = BW f is solved with the minimal residual method. The operator BW
is defined as

(50) BW =




AMG
(
AU + ε2T>AT

)

LU(A)
LU (M) A LU (M)


 .

The spectral condition numbers of matrices BWA for different values of material
parameter ε are listed in Table 5. For all the considered discretizations, the condition
numbers are bounded with respect to ε. We note that the mesh convergence of the
condition numbers appears to be faster and the obtained values are in general smaller
than in case of the Q-cap preconditioner (cf. Table 3).

Table 6 reports the number of iterations required for convergence of the mini-
mal residual method for the linear system BWAx = BW f. Like for the Q-cap pre-
conditioner, the method is started from a random initial vector, and the condition
rk
>BW rk < 10−12 is used as a stopping criterion. We find that the iteration counts

with the W -cap preconditioner are again bounded for all the values of the parameter
ε. Consistent with the observations about the spectral condition number, the itera-
tion count is in general smaller than for the system preconditioned with the Q-cap
preconditioner.

We note that the observations from section 3.3 about the difference in ε-dependence
of condition numbers and iteration counts of the Q-cap preconditioner apply to the
W -cap preconditioner as well.

Before addressing the question of computational costs of the proposed precondi-
tioners, let us remark that the Q-cap preconditioner and the W -cap preconditioner
are not spectrally equivalent. Further, both preconditioners yield numerical solutions
with linearly (optimally) converging error; see Appendix B.

5. Computational costs. We conclude by assessing computational efficiency
of the proposed preconditioners. In particular, the setup cost and its relation to the
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Table 6
Iteration count for system BWAx = BW f solved with the minimal residual method. The problem

is assembled on geometry (a) from Figure 1. A comparison to the number of iterations with the Q-cap
preconditioned system is shown in the brackets (cf. also Table 4).

Size
log10 ε

−3 −2 −1 0 1 2 3
66563 17(-3) 33(-1) 40(3) 30(-2) 20(-8) 14(-10) 12(-9)
264195 19(-3) 35(1) 39(5) 28(-2) 19(-7) 14(-10) 11(-9)
1052675 22(-2) 34(1) 37(5) 27(-1) 19(-7) 14(-8) 11(-7)
4202499 24(-2) 34(2) 34(4) 25(-1) 17(-7) 12(-8) 9(-8)
8398403 25(-1) 32(2) 32(2) 24(-2) 16(-6) 11(-8) 8(-7)
11075583 25(-1) 32(2) 32(2) 25(-1) 16(-6) 13(-6) 11(-4)

aggregate solution time of the Krylov method is of interest. For simplicity we let
ε = 1.

In case of the Q-cap preconditioner discretized as (34) the setup cost is determined
by the construction of algebraic multigrid (AMG) and the solution of the generalized
eigenvalue problem Ax = λMx (GEVP). The problem is here solved by calling the
OpenBLAS [46] implementation of the LAPACK [3] routine DSYGVD. The setup
cost of the W -cap preconditioner is dominated by the construction of multigrid for
operator AU + T>AT. We found that the operator can be assembled with negligible
costs and therefore do not report the timings of this operation.

The setup costs of the preconditioners obtained on a Linux machine with 16GB
RAM and a single Intel Core i5-2500 CPU clocking at 3.3 GHz are reported in Table
7. We remark that the timings on the finest discretization deviate from the trend
set by the predecessors. This is due to SWAP memory being required to complete
the operations and the case should therefore be omitted from the discussion. On the
remaining discretizations the following observations can be made: (i) the solution
time always dominates the construction time by a factor 5.5 for W -cap and 3.5 for
Q-cap; (ii) W -cap preconditioner is close to two times cheaper to construct than the
Q-cap preconditioner in the form (34); (iii) the eigenvalue problem always takes fewer
seconds to solve than the construction of multigrid.

For our problems of about 11 million nodes in the 2d domain, the strategy of solv-
ing the generalized eigenvalue problem using a standard LAPACK routine provided an
adequate solution. However, the DSYGVD routine appears to be nearly cubic in com-
plexity (O(n2.70

Q ) or O(n1.35
U ); cf. Table 7), which may represent a bottleneck for larger

problems. However, the transformation M
− 1

2

l AM
− 1

2

l with Ml the lumped mass matrix
presents a simple trick providing significant speed-up. In fact, the resulting eigenvalue
problem is symmetric and tridiagonal and can be solved with fast algorithms of nearly
quadratic complexity [20, 21]. We note that due to the spectral equivalence of M and
Ml (e.g., [47]), the trick leads to a preconditioner spectrally equivalent to (25). In
particular, the iteration count with lumping is expected to remain bounded. In our
experiments (not reported here) the lumped preconditioner leads to convergence in
3–10 fewer iterations than (34). However, the savings should be interpreted in light of
the fact that convergence in the two cases is measured with respect to different norms.
Note also that the tridiagonal property holds under the assumption of Γ having no
bifurcations and that the elements are linear. To illustrate the potential gains with
mass lumping, using the transformation and applying the dedicated LAPACK routine
DSTEGR, we were able to compute eigenpairs for systems of order 16,000 in about
50 seconds. This presents more than a factor 10 speed-up relative to the original gen-
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eralized eigenvalue problem. The value should also be viewed in light of the fact that
the relevant space Uh has in this case about a quarter billion degrees of freedom. We
remark that [28] presents a method for computing all the eigenpairs of the generalized
symmetric tridiagonal eigenvalue problem with an estimated quadratic complexity.

Let us briefly mention a few alternative methods for realizing the mapping be-
tween fractional Sobolev spaces needed by the Q-cap preconditioner. The methods
have a common feature of computing the action of operators rather than constructing
the operators themselves. Taking advantage of the fact that H(s) = MS−s, S = A−1M,
the action of the powers of the matrix S is efficiently computable by contour integrals
[25], by the symmetric Lanczos process [4, 5], or, in cases when the matrices A, M are
structured, by fast Fourier transform [39]. Alternatively, the mapping can be realized
by the BPX preconditioner [12, 11] or integral operator based preconditioners (e.g.,
[43]). The above-mentioned techniques are all less than O(n2

Q) in complexity.
In summary, for linear elements and geometrical configurations where Γ is free of

bifurcations, the eigenvalue problem required for (8) lends itself to solution methods
with complexity nearing that of the multigrid construction. In such cases the Q-cap
preconditioner (34) is feasible whenever the methods deliver acceptable performance
(nQ ∼ 104). For larger spaces Qh, a practical realization of the Q-cap preconditioner
could be achieved by one of the listed alternatives.

Table 7
Timings of elements of construction of the Q, W -cap for ε = 1 and discretizations

from Tables 4 and 6. Estimated complexity of computing quantity v at the ith row, ri =
log vi − log vi−1/logmi − logmi−1, is shown in the brackets. Fitted complexity of computing v, O(nrQ)
is obtained by least-squares. All fits but GEVP ignore the SWAP-affected final discretization.

nU nQ
Q-cap W -cap

AMG[s] GEVP[s] MinRes[s] AMG[s] MinRes[s]
66049 257 0.075(1.98) 0.014(1.81) 0.579(1.69) 0.078(1.94) 0.514(1.73)
263169 513 0.299(2.01) 0.066(2.27) 2.286(1.99) 0.309(1.99) 2.019(1.98)
1050625 1025 1.201(2.01) 0.477(2.87) 8.032(1.82) 1.228(1.99) 7.909(1.97)
4198401 2049 4.983(2.05) 3.311(2.80) 30.81(1.94) 4.930(2.01) 30.31(1.94)
8392609 2897 9.686(1.92) 8.384(2.68) 62.67(2.05) 10.64(2.22) 59.13(1.93)
11068929 3327 15.94(3.60) 12.25(2.74) 84.43(2.15) 15.65(2.79) 82.13(2.37)
Fitted complexity (2.02) (2.70) (1.92) (2.02) (1.96)

6. Conclusions. We have studied preconditioning of model multiphysics prob-
lem (1) with Γ being the subdomain of Ω having codimension one. Using oper-
ator preconditioning [35], two robust preconditioners were proposed and analyzed.
Theoretical findings obtained in the present treatise about robustness of precondi-
tioners with respect to material and discretization parameter were demonstrated by
numerical experiments using a stable finite element approximation for the related
saddle-point problem developed herein. Computational efficiency of the precondi-
tioners was assessed revealing that the W -cap preconditioner is more practical. The
Q-cap preconditioner with discretization based on eigenvalue factorization is efficient
for smaller problems, and its application to large scale computing possibly requires
different means of realizing the mapping between the fractional Sobolev spaces.

Possible future work based on the presented ideas includes extending the precon-
ditioners to problems coupling three-dimensional and one-dimensional domains, prob-
lems with multiple disjoint subdomains, and problems describing different physics on
the coupled domains. In addition, a finite element discretization of the problem which
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avoids the constraint of Γh being aligned with facets of Ωh is of general interest.

Appendix A. Brezzi theory.

Theorem 13 (Brezzi). The operator A : V × Q → V ∗ × Q∗ in (16) is an
isomorphism if the following conditions are satisfied:
(a) A is bounded,

(51a) sup
u∈V

sup
v∈V

〈Au, v〉
‖u‖V ‖v‖V

= cA ≡ ‖A‖ <∞;

(b) A is invertible on kerB, with

(51b) inf
u∈kerB

〈Au, u〉
‖u‖2V

≥ α > 0;

(c) B is bounded,

(51c) sup
q∈Q

sup
v∈V

〈Bv, q〉
‖v‖V ‖q‖Q

= cB ≡ ‖B‖ <∞;

(d) B is surjective (this is also the inf-sup or LBB condition), with

(51d) inf
q∈Q

sup
v∈V

〈Bv, q〉
‖v‖V ‖q‖Q

≥ β > 0.

The operator norms ‖A‖ and ‖A−1‖ are bounded in terms of the constants appearing
in (a)–(d).

Proof. See, for example, [14].

Appendix B. Estimated order of convergence. Refinements of a uniform
discretization of geometry (a) in Figure 1 are used to establish order of convergence
of numerical solutions of a manufactured problem obtained using Q-cap and W -cap
preconditioners. The error of discrete solutions uh and vh is interpolated by discon-
tinuous piecewise cubic polynomials and measured in the H1

0 norm. The observed
convergence rate is linear (optimal).

Size
Q-cap W -cap

|u− uh|1,Ω |v − vh|1,Γ |u− uh|1,Ω |v − vh|1,Γ
16899 3.76× 10−2(1.00) 1.32× 10−2(1.00) 3.76× 10−2(1.00) 1.32× 10−2(1.00)
66563 1.88× 10−2(1.00) 6.58× 10−3(1.00) 1.88× 10−2(1.00) 6.58× 10−3(1.00)
264195 9.39× 10−3(1.00) 3.29× 10−3(1.00) 9.39× 10−3(1.00) 3.29× 10−3(1.00)
1052675 4.70× 10−3(1.00) 1.64× 10−3(1.00) 4.70× 10−3(1.00) 1.64× 10−3(1.00)
4202499 2.35× 10−3(1.00) 8.22× 10−4(1.00) 2.35× 10−3(1.00) 8.22× 10−4(1.00)

Acknowledgment. We would like to thank the anonymous referees for their
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VARIATIONAL DATA ASSIMILATION FOR TRANSIENT BLOOD
FLOW SIMULATIONS

S. W. FUNKE∗, M. NORDAAS† , Ø. EVJU‡ , M. S. ALNÆS§ , AND K.-A. MARDAL¶

Abstract. Several cardiovascular diseases are caused from localised abnormal blood flow such
as in the case of stenosis or aneurysms. Prevailing theories propose that the development is caused
by abnormal wall-shear stress in focused areas. Computational fluid mechanics have arisen as a
promising tool for a more precise and quantitative analysis, in particular because the anatomy is
often readily available even by standard imaging techniques such as magnetic resolution and com-
puted tomography angiography. However, computational fluid mechanics rely on accurate initial and
boundary conditions which is difficult to obtain. In this paper we address the problem of recovering
high resolution information from noisy, low-resolution measurements of blood flow using variational
data assimilation based on a transient Navier-Stokes model. Numerical experiments are performed
in both 2D and 3D and with pulsatile flow relevant for physiological flow in cerebral aneurysms. The
results demonstrate that, with suitable regularisation, the model accurately reconstructs flow, even
in the presence of significant noise.

Key words. blood flow, variational data assimilation, finite element method, adjoint equations,
Navier-Stokes, BFGS

AMS subject classifications. 35Q92, 35Q93, 65K10, 76D55, 35Q30

1. Introduction. Detailed insight of blood flow has the potential to assist clin-
ical decisions, for example when evaluating the risk of rupture of an aneurysm [5,
47, 43]. However, non-invasive measurement techniques, such as ultrasound or phase-
contrast magnetic resonance imaging (PC-MRI), are too still coarse in space and time
to unveil potentially important flow details. For example, PC-MRI provides 4D (3D
space and time) images of velocity, but is subject to noise and coarse resolution. A
promising remedy are computational blood flow models which yield blood flow data
at high temporal and spatial resolutions. In addition, they allow for computation
of non-observable variables, such as the blood pressure and wall-shear stresses, both
of which are considered important factors in vascular diseases [8, 28, 40, 43]. One
major challenge is that the validity and accuracy of the results depend on the un-
derlying model assumptions, the model parameters [26, 16], the boundary conditions
[33, 38], and the segmentation of the vascular geometry [4, 15, 17]. These parameters
are typically partially or fully unknown and specific to each patient [38, 39]. As a
result, there is often a notable discrepancy between CFD simulations and PC-MRI
measurements [23, 24, 13].

The discrepancy can be reduced by assimilating the physical measurements into
the blood flow model, such that the high-resolution simulation the available measure-
ments. This idea of applying data assimilating techniques to blood flow models has
received significant attention over the recent years, see [2] for an overview. In particu-
lar the variational approach, which identifies the unknown model inputs that minimise
the difference between observations and model results, has been studied in the gen-
eral setting for the optimal control of the Navier-Stokes equations [14, 30, 18] and in
the specific case of blood-flow simulations [6, 7, 25, 44]. The mathematical theory
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behind the variational approach is well developed, and in particular well-posedness
of the (regularized) inverse minimization problem for both flow and fluid–structure
interaction problem has been addressed in, e.g., [18, 19, 36], but the computational
complexity presents a problem. Hence, numerical studies are mostly performed on
simplified setups, in the sense that they assume steady-state flow and/or 2D ge-
ometries. Alternative, more advanced strategies use reduced basis methods and/or
Bayesian parameter estimating, c.f. e.g., [9, 29, 32, 37]. In addition, more general
strategies of setting boundary conditions have been developed in [22, 12, 46], in par-
ticular since the main problem is the determination of the flow division rather than a
complete set of boundary conditions as long as flow extensions are appropriate.

In this paper, we investigate the feasibility of variational based data assimilation
for a real-world hemodynamics case, in the sense that a 4D nonlinear flow model
in a complex geometry is solved with coarse and noisy 4D data. We formulate the
data-assimilation problem as a mathematical optimisation problem constrained by
the Navier-Stokes equations (section 2). Special considerations will be put on the
regularisation, and the inclusion of data that are coarse with respect to the time
resolution. Latter is important because the number of samples per cardiac cycle is
typically in the order 20-40 while the number of time steps in a CFD simulation
typically is 100-10,000. We then formulate present numerical details based on the
reduced problem (section 3). Here, the focus is on efficiency by achieving optimisation
convergence which is independent of the Navier-Stokes discretisation. We apply the
developed scheme to case studies in two and three dimensions (section 4). An idealistic
2D example is used to verify the data assimilation, and test its robustness against
noisy data, the regularisation amplitude, the sparsity in the observations and the
choice of the controlled boundaries. Finally, a 3D case is considered, based on 4D
data obtained from a PC-MRI scan of an arterial bifurcation with aneurysm in a
dog. This example is used to test the quality of the data assimilation by comparing
the results to a “traditional” blood flow simulation, whose boundary conditions are
interpolated directly from the observations.

2. Mathematical formulation.

2.1. Blood flow model. Most computational modelling in cerebral aneurysm
studies assume Newtonian flow with rigid walls, which appear to be adequate [42, 10].
Therefore, we model the blood flow through a vessel with the incompressible Navier-
Stokes equations

(1)
ut + (u · ∇)u− ν∆u+∇p = f in Ω× (0, T ],

∇ · u = 0 in Ω× (0, T ].

Here, Ω× (0, T ] is the space-time domain, u and p are the blood velocity and (scaled)
pressure fields, ν is the (kinematic) viscosity and f describes external body forces.
A more complete blood flow model could incorporate non-Newtonian effects and the
fluid structure interactions between the blood and the vessel wall [45]. However, for
the purpose of this paper it is sufficient to consider (1) and to note that the proposed
techniques also apply to more complex models.

We only model a small subset of the artery system and the boundaries of the
computational domain consists of a physical boundary, the vessel walls, as well non-
physical boundaries at inlets and outlets. Again for simplicity, we consider the com-
mon scenario of one inlet and two outlets as sketched in figure 1. To close the system,
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Fig. 1. The model scenario considered in this paper: a small subset of the artery system with
one inlet and two outlet boundaries in 2D and 3D.

physics mathematical model

unknown model inputs: u0, gD

physical observations: d modelled observations: T (u)

measurement device + errors virtual measurement device T

minimise ‖T (u)− d‖

Fig. 2. Variational data assimilation replicates the observation steps in a mathematical model
and minimises the discrepancy between measured and modelled observations by varying the model
inputs.

we specify suitable initial and boundary conditions

u = u0, on Ω× {t = 0},(2a)
u = gD, on ΓD × (0, T ],(2b)

pn− µ∂nu = 0, on Γout2 × (0, T ],(2c)
u = 0, on Γwalls × (0, T ].(2d)

with normal vector n and a Dirichlet boundary ΓD := Γin ∪ Γout1 . A traction free
boundary is assumed on the outlet Γout2 , which implies that the vessel is straight in
the surroundings of this outlet. If this assumption is not valid, other choices for (2c)
are possible, but mass conservation must be ensured, i.e. that

∫
Γ
u ·n dx = 0. Finally,

in some cases it might be beneficial to replace the initial condition by a time-periodic
condition, for example if the temporal range of the observations spans one heart cycle.

2.2. Variational data assimilation. Variational data assimilation is a tech-
nique to recover unknown data from given observation. The idea is to build a model
that replicates the steps of the physical measurement acquisition, and to tweak the
free model parameter so that the discrepancy between observed and modelled mea-
surements is minimised (figure 2). Specifically for blood flow, the aim is to recover
flow velocity and pressure fields from velocity observations that is has limited spatial
and temporal resolution, and is noisy.

The model parameters for equations (1) are the initial condition u0 and the Dirich-
3



let boundary condition gD. In the data assimilation setting these inputs are unknown,
and instead observational data d is available. We assume that the observations con-
sist of N velocity fields, d = (d1, . . . , dN ) ∈ L2(Ωobs)

N , on a subdomain Ωobs ⊆ Ω.
For example, each observation might be an instantaneous snapshot of the blood flow
velocity, or the average over a time interval. Since the observations might be available
only in parts of the computational domain, we introduced the observation subdomain
Ωobs ⊆ Ω.

The objective is to recover the initial and boundary conditions by minimising the
misfit between simulation and measurement data. Hence we define the goal quantity

(3) J(u) = ‖T u− d‖2 =

N∑

n=1

∫

Ωobs

|Tnu− dn|2 dx.

The observation operators Tn model the physical measurement procedure, that is
they map the simulated velocity u to a simulated measurement outcome. We con-
sider two cases: first, the measurement device takes instantaneously measurements at
N timelevels t1, .., tN . In this case, the observation operators are pointwise evalua-
tions in time, that is Tnu = u(tn). Second, the measurement device takes averaged
measurements over a time period. In this case, the observation operators are time
averaged evaluations of the velocity state, that is Tnu =

∫ tn
tn−1

u(t) dt/(tn − tn−1).
The data assimilation problem can now be stated as a minimisation problem

constrained by the Navier-Stokes equations:

(4) min
(u,p)∈Y

(u0,gD)∈M

J(u) +R(u0, gD) subject to (1)-(2),

where M and Y are suitable function spaces, to be determined later in section 3.3
below. The regularisation termR is required to ensure well-posedeness of the problem,
and depends on the amount of observations [6]. In particular, [7] showed that a
linearised variation of (2) is well-defined if sufficient observations are available. For
the following numerical examples, we apply a Tikhonov regularisation:

(5) R(u0, gD) =
α

2
‖gD‖2ΓD×(0,T ] +

γ

2
‖u0‖2Ω,

where the coefficients α and γ determine how strongly the problem is regularised in
the given norms.

2.2.1. Choice of norms. The choice of norms in the regularisation term (5)
specifies the expected regularity of the reconstructed blood flow. For instance, [25]
has shown that a unsuitable choice can have a negative impact on the quality of on
the reconstructed data.

The norm used for the initial data is

‖u0‖Ω = ‖u0‖H1(Ω) =

(∫

Ω

|u0|2 + |∇u0|2 dx
) 1

2

,

and for the boundary

‖gD‖ΓD×(0,T ] =

(∫ T

0

∫

Ω

|gD|2 + |∇gD|2 + |ġD|2 + |∇ġD|2 dx dt
) 1

2

.

We remark that the norms used require more smoothness on the boundary and initial
data than is usually required for the variational formulation of the Navier-Stokes
equations, in particular for the time derivative ġD.
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3. Numerical solution.

3.1. Formulation of the reduced problem. Two common strategies exist for
solving the inverse problem (4) [20, 21]. One strategy is to derive and solve the first-
order optimality system. This leads to a large, non-linear system that couples all
spatial and temporal degrees of freedoms of the discretised Navier-Stokes and adjoint
Navier-Stokes equations. Solving this system is numerically challenging and requires
the development of specialised solvers.

The second strategy, taken here, is based on the reduced optimisation problem of
(4). The reduced problem is formed by considering the velocity solution as an implicit
function of the initial and boundary controls by solving the Navier-Stokes equations
(1) and (2). We denote this velocity operator as u(u0, gD).

To simplify notation, let m = (u0, gD) ∈ M denote the controlled variable. The
functional (3) now has the reduced form

(6) Ĵ(m) := J(u(m)) +R(m).

The reduced optimisation problem reads

(7) min
m∈M

Ĵ(m).

Note that in contrast to (4), the reduced problem is an unconstrained optimisation
problem and can hence be solved with established unconstrained optimisation meth-
ods. The evaluating of the reduced functional requires the solution of a Navier-Stokes
system for which standard solver techniques can be directly applied.

3.2. Optimisation . The reduced minimisation problem (7) is solved with the
Broyden-Fletcher-Goldbarb-Shanno (BFGS) algorithm. In this section we present
brief overview of the method and its implementation.

The minimisation problem (7) is iteratively solved by generating a sequence of
points m0,m1, . . ., approximating a miniser of Ĵ . In each iteration, evaluations of
the derivative DĴ(mk) ∈M∗ are used to determine a direction dk ∈M in which the
functional is decreasing. This general descent algorithm in Hilbert spaces is formulated
in algorithm 1.

Algorithm 1 A general descent algorithm in Hilbert spaces, applied to the reduced
minimisation problem (7).
Choose an initial point x0

for x = 0, 1, . . . do
Choose a search direction dk = −HkDĴ(xk)
Choose a step length αk > 0 such that Ĵ(xk + αkdk) < Ĵ(xk)
Set xk+1 = xk + αkdk
if converged then

return
end if

end for

The search direction dk = HkDĴ(mk) is a descent direction if the operator Hk :
M∗ → M is positive definite and self-adjoint. The choice of operators Hk mapping
derivatives to search directions essentially characterises the method. For example,
taking Hk = H as the Riesz operator for M (i.e. choosing dk to be the gradient of

5



Ĵ at mk) results in a steepest algorithm. Setting Hk = D2Ĵ(mk)−1, assuming Ĵ is
convex, results in a Newton algorithm.

In the present paper, the algorithm used is the Broyden–Fletcher–Goldbarb–
Shanno (BFGS) algorithm, which is a descent method of quasi-Newton type. Quasi-
Newton methods have good convergence properties and do not require evaluations of
the Hessian. Instead, such methods maintains an iteratively constructed approxima-
tion to the inverse of the Hessian. The update formula specific to the BFGS algorithm
is

(8) Hk+1 =

(
1− sk+1 ⊗ yk+1

ρk+1

)
Hk

(
1− yk+1 ⊗ sk+1

ρk+1

)
+
sk+1 ⊗ sk+1

ρk+1

see e.g. [35, Chapter 6]. Here, ⊗ : X × Y → B(Y ∗, X) denotes the outer product
defined by (x ⊗ y)(z) = x〈z, y〉Y ∗,Y , for x ∈ X and y ∈ Y , where 〈·, ·〉Y ∗,Y denotes
duality coupling, and

sk+1 = mk+1 −mk,

yk+1 = DĴ(mk+1)−DĴ(mk),

ρk+1 = 〈yk+1, sk〉M∗,M .

Note that the initial H0 : M∗ →M has to prescribed. A natural choice is to take
H0 to be Riesz operator for the space M . That is, H0 is the unique operators such
that

(9) (m0,m1)M = 〈H−1
0 m0,m1〉M∗,M

for all m0,m1 ∈ M . This definition of H0 allows for mesh-independent convergence
[41], and is readily seen to coincide with the second order partial derivative of Ĵ with
respect to M . If D2Ĵ(m)−H−1

0 is compact, the method converges superlinearly, see
e.g. [27].

For practical implementations, it is common to truncate the update formula (8)
and store only the last 3− 10 pairs of vectors yk and sk. The step lengths αk in algo-
rithm 1 should chosen to satisfy the Wolfe conditions, which ensures the convergence
of the method [35, chapter 6].

3.3. Discretisation. The optimisation method in section 3.2 requires evalua-
tions of the reduced functional Ĵ(m) and its derivative DĴ(m). Evaluating the re-
duced functional requires the numerical solution of the Navier-Stokes equations. This
is described in section 3.3.1. The derivatives are computed by solving the adjoint
equations, described in section 3.3.2.

3.3.1. Discretisation of the Navier-Stokes equations. The Navier-Stokes
equations are discretised with a θ time-stepping scheme and the finite element method.
The controlled Dirichlet boundary conditions are weakly enforced with the Nitsche
method [34]. An advantage of the Nitsche approach is that the boundary values are
explicitly included in the variational formulation, which simplifies the (automated)
derivation of the adjoint equations. This is exploited in the implementation.

For the spatial discretisation, we consider conforming finite element spaces

(10)
Vh ⊂ H1

0,Γwalls
(Ω) = {u ∈ H1(Ω) : u|Γwalls

= 0}
Qh ⊂ L2(Ω).
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For the time discretisation we assume a partition of the interval [0, T ] with a con-
stant timestep δt. Applying a standard θ time-stepping scheme to the Navier-Stokes
equations (1), we obtain a sequence of nonlinear problems: For k = 0, . . . , N − 1, let
uk+θ = θuk+1 + (1− θ)uk and find (uk+1, pk+1) ∈ Vh ×Qh such that

(11)
uk+1 − uk

δt
− ν∆uk+θ + (uk+θ · ∇)uk+θ −∇pk+1 = 0,

∇ · uk+1 = 0,

subject to the boundary conditions (2). The equations (11) are integrated against
test functions v ∈ Vh and q ∈ Qh in order to obtain a nonlinear variational problem
at each time tk,

(12)

0 =

∫

Ω

(
uk+1 − uk

δt

)
· v + ν∇uk+θ : ∇v dx

+

∫

Ω

(uk+θ · ∇)uk+θ · v dx

+

∫

Ω

q∇ · uk+1 + pk+1∇ · v dx

−
∫

ΓD

(
ν
∂uk+θ

∂n
− pk+1n

)
· v ds

−
∫

ΓD

(
θν
∂v

∂n
− qn

)
· (uk+1 − gk+1)ds

+

∫

ΓD

νσ

h
(uk+1 − gk+1

D ) · v ds.

The nonlinear variational problem (12) consists of a volume integral and a boundary
integral over ΓD. The volume integral coincides with the “standard” variational form
of (11) obtained when the boundary condition (2b) is strongly imposed. The second,
boundary integral part of the variational problem arises from the weakly imposing the
Dirichlet boundary condition (15) with Nitsche’s method, and is discussed in detail
below.

The discrete spaces for the state and control variables are

Y = V Nh ×QNh
M = Vh × (TΓVh)N ,

and we introduce the notation

y = (u, p) ∈ Y,
u = (u1, . . . , vN ) ∈ V Nh
p = (p1, . . . , qN ) ∈ QNh
m = (u0, g1, . . . , gN ) ∈M

The sequence of variational problems (12) is reformulated as an operator equation
combining all the time steps,

(13) F(m, y) =
N−1∑

k=0

{
Fk,Ω(m, y) + Fk,ΓD

(m, y)
}

= 0,
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where Fk,Ω : Y → Y ∗ is the operator combining all the volume integrals in (12), i.e.

(14)

Fk,Ω(m, y; v, q) =

∫

Ω

(
uk+1 − uk

δt

)
· vk+1 + ν∇uk+θ : ∇vk+1 dx

+

∫

Ω

(uk+θ · ∇)uk+θ · vk+1 dx

+

∫

Ω

qk+1∇ · uk+1 + pk+1∇ · vk+1 dx,

for all (v, q) = {(vk, qk)}Nk=1 ∈ Y ∗, for k = 0, . . . , N − 1. Note that that this part only
involves the initial data u0 from m. The operator Fk,ΓD

: Y ×M → Y ∗ combines all
the boundary integrals in (12) and reads

(15)

Fk,ΓD
(m, y; v, q) = −

∫

ΓD

(
ν
∂uk+θ

∂n
− pk+1n

)
· vk+1 ds

−
∫

ΓD

(
θν
∂vk+1

∂n
− qk+1n

)
· (uk+1 − gk+1) ds

+

∫

ΓD

νσ

h
(uk+1 − gk+1) · vk+1 ds.

The first integral in (15) arises when the integration by parts formula is applied to (11),
and the integral would vanish if the Dirichlet boundary condition (2b) were strongly
imposed on the space Vh. The remaining terms are added to obtain a variational
problem that is consistent and stable, see e.g. [1, 3]. The form (15) is linear and
symmetric, and positive definite provided that the parameter σ is sufficiently large.
We must also require θ > 0 to apply the Nitsche method.

The numerical examples in section 4 use two common finite element pairs: P2-P1
(Taylor-Hood) and P1-P1. The lowest order discretisation does not satisfy the LBB
conditions, and hence requires stabilisation. We used the stabilisation −βh2(∇p,∇q)Ω

where h is the local mesh element size and β = 10−3 is the stabilisation coefficient.

3.3.2. Adjoint equations. The adjoint equations are used to efficiently com-
pute the functional derivative dJ/dm : Y × M → M∗, at a cost of roughly one
linearised Navier-Stokes solve.

To derive the adjoint equations consider the Navier-Stokes equations in the op-
erator form F(m; y) = 0 ∈ Y ∗ and a functional J(y,m) ∈ R. The total derivative of
the functional in direction m̃ is

(16)
〈
dJ
dm

, m̃

〉

M∗,M

=

〈
∂J

∂y
,
dy
dm

m̃

〉

Y ∗,Y

+

〈
∂J

∂m
, m̃

〉

M∗,M

.

Evaluating (16) directly is challenging because computing dy/dm(m) ∈ L(M,Y ) is
computationally expensive. The adjoint approach eliminates this term by taking the
derivative of the PDE equation

(17)
∂F
∂y

dy
dm

+
∂F
∂m

= 0.

and substituting it into (16):

(18)
〈
dJ
dm

, m̃

〉

M∗,M

= −
〈
∂F
∂m

m̃,

(
∂F
∂y

)−∗
∂J

∂y

〉

Y ∗,Y

+

〈
∂J

∂m
, m̃

〉

M∗,M

.
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The functional derivative is then computed in two steps:
1. Compute the adjoint solution λ ∈ Y by solving the adjoint PDE

(19)
(
∂F
∂y

)∗
λ = −∂J

∂y

2. Evaluate the derivative with

(20)
dJ
dm

=

(
∂F
∂m

)∗
λ+

∂J

∂m

The computational expensive part is the solution of (19), which involves the solution
of a linear PDE.

The adjoint equations (19) can be derived before or after the discretisation of the
Navier-Stokes equations [20]. Here, the discretise-then-optimise approach is chosen,
which has the advantage that the discretised derivative is the exact derivative of the
discretised system. The alternative approach does not guarantee this, and simple
descent methods like algorithm 1 may fail and a more robust optimisation algorithm
would need to be used.

The adjoint system (19) for the discretised Navier-Stokes operator (13) is
〈(

∂F
∂y

)∗
λ,w

〉
=

〈(
∂F
∂y

)
w, λ

〉
= −

〈
∂J

∂u
, v

〉
,(21)

for all w = (v, q) ∈ Y . Note that the derivative of the regularisation term in the
functional vanishes because it does not depend on the state. Since the adjoint operator
is linear, it can be written in matrix form:

(22)
(
∂F
∂y

)∗
=




∂F0

∂y1 0 0 · · ·
∂F1

∂y1
∂F1

∂y2 0
. . .

0 ∂F2

∂y2
. . . . . .




∗

=




∂F∗
0

∂y1
∂F∗

1

∂y1 0 · · ·

0
∂F∗

1

∂y2
∂F∗

2

∂y2
. . .

0 0
. . . . . .




or more compactly,

(
∂F
∂yk

)∗
λ =





(
∂Fk−1

∂yk

)∗
λk +

(
∂Fk

∂yk

)∗
λk+1 if k < N

(
∂Fk−1

∂yk

)∗
λk if k = N.

The system (22) is upper-triangular, hence the adjoint (21) is solved by backwards
substitution. Written explicitly, the volume integrals in the equation for λk, k =
0, . . . , N , are

(23)

∫

Ω

(
λk − λk+1

δt

)
· vk dx+

∫

Ω

ν∇λk+θ̃ : ∇vk dx

+θ

∫

Ω

(uk−1+θ · ∇)vk · λku dx+ θ

∫

Ω

(vk · ∇)uk−1+θ · λku dx

+θ̃

∫

Ω

(uk+θ · ∇)vk · λk+1
u dx+ θ̃

∫

Ω

(vk · ∇)uk+θ · λk+1
u dx

+

∫

Ω

λkp∇ · vk + qk∇ · λku dx,
9



with (λku, λ
k
p) = λk, θ̃ = 1−θ and setting λN+1

u = 0. Similarly, the boundary integrals
are

(24)
−
∫

ΓD

(
ν
∂vk

∂n

)
· λk+θ̃

u ds+

∫

ΓD

(
qkn
)
· λku ds

−
∫

ΓD

(
θν
∂λku
∂n
− λkpn

)
· vk ds+

∫

ΓD

νσ

h
vk · λku ds.

The adjoint equations are solved backwards in time, starting from a zero final condi-
tion. The timestepping scheme is the same θ-scheme as for the forward discretisation,
but with a modified advective velocity. The homogeneous Dirichlet boundary condi-
tions on the controlled surfaces are enforced with a Nitsche like approach.

3.4. Implementation and verification. The Navier-Stokes solver was imple-
mented in the FEniCS finite element framework [31]. The adjoint solver was au-
tomatically derived via the algorithmic differentiation tool dolfin-adjoint [11]. The
correctness of the adjoint equations, and the resulting derivatives of the goal func-
tional, were verified using the Taylor remainder convergence test. This test checks
that for a sufficiently smooth functional Ĵ , a correct implementation should satisfy

(25)

∣∣∣∣∣Ĵ(m+ hδm)− Ĵ(m)− h
〈
dĴ(m)

dm
, δm

〉∣∣∣∣∣ = O(h2),

where δm = (δu0, δgD) is the perturbation direction and h > 0 the perturbation size.
The Taylor remainder convergence test was applied to the 2D aneurysm example in
section 4.1, for which second order convergence was consistently observed. This gives
confidence that the adjoint solver is correctly implemented.

4. Experiments. The data assimilation is applied to two experiments. The
first experiment uses an aneurysm-like domain in 2D with known exact solution (sec-
tion 4.1). The second experiment aims to reconstruct the flow conditions in a real
geometry in 3D with observations from an 4D MRI scan (section 4.2).

The implementation and data to reproduce the 2D results are available on https:
//bitbucket.org/biocomp/navier_stokes_data_assimilation. This website contains a
Readme file with instructions for the installation and how to reproduce the paper
results.

4.1. 2D Aneurysm. The first experiment tests the variational data assimilation
under idealised conditions where the blood flow to be reconstructed is known. This is
used to study the robustness of the reconstruction against incomplete data (both in
space and time), noisy observations, the amount of regularisation. We also test two
different types of observation operators.

The computational domain, shown in figure 3, resembles a blood vessel bifurcation
with an aneurysm in 2D. The observations were generated with the same numerical
model that was used in the data assimilation procedure. That is, the Navier-Stokes
equations was first solved on an extended domain (including the gray area in figure 3)
and the velocity solution used to generate the observations. For this setup, the initial
velocity was set to zero. On the inlet and right outlet boundaries a parabolic velocity
profiles was enforced with peak values of 1000 mm/s (inlet) and 870 mm/s (right
outlet), multiplied by sin(π(1−t)3) to obtain a pulse like flow pattern1. The simulation

1Note that real flow in cerebral arteries will never go to zero, but rather pulsate between around
0.5 m/s and one third of 0.5 m/s.
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3 mm

4.6 mm

27 mm

Fig. 3. The computational domain for the 2D example. The grey area indicates the extended
area used to generate the measurement data.

Parameter Symbol Value Unit
Viscosity ν 3.5 m2/s
Model timestep ∆t 0.004625 s
End time T 0.555 s
Time discretisation θ 0.5
Spatial discretisation P1-P1
Mesh triangles 20, 989
Mesh element size 0.03− 0.20 mm
Nitsche coefficient σ 100.0
Number of observations N 16
Regularisation α = γ 10−5

Table 1
The settings for the 2D aneurysm flow reconstruction. The first parameters specify the model

setup, while the final two parameters configure the data assimilation.

started from a zero velocity at t = 0 and was terminated after the peak velocity at
t = 0.629. The remaining model settings are listed in table 1.

The observation operator T was applied to the resulting velocity to obtain N = 16
observations. We compared two observation operators: the instantaneous observation
operator, which takes instantaneous measurements at evenly distributed times tn:

(26) T instu := RΩobsu(tn),

where RΩobs restricts the velocity to the observation domain (the white area in fig-
ure 3). The restriction avoids the “inverse crime” and simulates the incompleteness
of real measurement data. The time-averaging observation operator takes pointwise
time-averaged observations over each observation time interval:

(27) T avgu :=
1

tn − tn−1

∫ tn

tn−1

RΩobsu(t)dt.

The data assimilation was then applied to recover the original flow from the ob-
servations. The reconstructions were performed on the restricted domain Ωobs, that
is without any knowledge about the geometry of the extended domain. Further-
more, the outflow Dirichlet boundaries were swapped between the data generation
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and reconstruction to further avoid the “inverse crime”. The optimisation was ter-
minated when the relative change of the functional in one iteration dropped below
|J(xk)− J(xk−1)|/|J(x0) ≤ 10−4 or if the number of iteration exceeded 100.

The results of the data assimilation with T inst and T avg are shown in figures 4 and
5 (left column), respectively. The first three plots show the observed and reconstructed
velocities at t = 0.296 s. Visually, the observed and assimilated velocities agree well.

Since the true velocity is known from the initial simulation, the reconstruction
error can also be quantified more rigorously. We define following two error measures:
the first measures the relative error of the reconstructed velocity in the aneurysm

(28) EΩane =
‖utrue − u‖Ωane×(0,T ]

‖utrue‖Ωane×(0,T ]
,

where utrue is the true velocity. The second measures the relative error of the recon-
structed wall shear stress on the aneurysm wall, motivated by the fact that this an
important diagnostic value in blood flow simulations:

(29) EWSS =
‖WSS(utrue)−WSS(u)‖Γane×(0,T ]

‖WSS(utrue)‖Γane×(0,T ]
,

with WSS(u) = |σn − (σn · n)n| and σ = ρ
(
−pI + ν(∇u+ (∇u)T )

)
with ρ = 1060

kg/m3. The timeplots in figures 4 and 5 (left column) visualise these error mea-
sures over the simulation period. The results show a good agreement throughout the
simulation period.

4.1.1. Sensitivity of reconstruction with respect to parameter changes.
In this section, we investigate how the quality of the reconstruction depends on noise in
the observations and the choice of the reconstruction parameters, such as the amount
of regularisation. Since the exact solution is known for this example, we can visualise
the reconstructed and the “true” velocities and compute the error measures (28) and
(29). The following tests are based on the configuration listed in table 1, and in each
test one parameter is varied and the quality of the reconstruction investigated.

Noisy observations (figures 4 and 5). Pointwise Gaussian white noise was
added to the observations with zero mean and varying magnitude. This type of
noise is not expected in real observations, in particular because it depends on the
numerical mesh. Nevertheless, we consider it as a suitable benchmark setup. The
results of the reconstruction for different signal to noise ratios are shown in figure
4, and for the instantaneous observation operator T inst and figure 5 for the time-
averaging observation operator T avg. With increasing level of noise, the optimised
functional value J + R increases, because of the increased the difference between
reconstructed and observed velocity. Nevertheless, the error measures remain small,
showing that the reconstruction works reliable even for high noise to signal ratios.
Overall, the assimilated flows and metrics agree well for all noise levels, and one can
conclude that the reconstruction is little affected by this type of noise. The data
assimilation acts like a denoising procedure thanks to the mathematical model. This
is consistent with the observations in [6].

Regularisation (figures 6 and 7). The regularisation terms (5) are enforcing
smoothness on the control functions. Hence the choice of the regularisation coeffi-
cients α and γ could have a strong influence on the assimilation results. For the
experiments, we varied α and γ coefficients simultaneously to retain the balance be-
tween the two regularisation terms. The results for different regularisation values are
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shown in figures 6 and 7 for T inst and T avg, respectively. The reconstruction works
well for values between 10−3 and 10−5, but the quality starts to reduce visibly when
α = γ > 10−2. For the case α = γ = 1, the assimilated velocity is significantly
lower than the true velocity, because the strong regularisation enforces spatially and
temporally nearly constant controls. A possible approach is to use the discrepancy
principle, that is to select the regularisation parameter such that the perturbation of
the regularisation term affects the solution with the same order of the discrepancy
induced by the noise. However, this approach is computationally demanding. An
alternative, computationally cheaper approach has been proposed by [6].

Data sparsity (figures 8 and 9). Another important question is how many
observations (N in (3)) are required to accurately reconstruct the blood flow. To
address this question, the data assimilation was repeated with varying number of
observations N . The base setup (left column in figures 4 and 5) used N = 16 and
the results for N = 4, 8 and 32 are shown in figures 8 and 9 for T inst and T avg,
respectively.

With 4 observations the quality of the reconstruction suffers visibly, mostly at
the beginning and the end of the simulation times. The time-averaging observation
operator yields good results already with 8 observations, while the instantaneous
observation operator requires 16 observations to yield an accurate reconstruction. The
differences between 16 to 32 observations are minimal for both observation operators.

Choice of controlled outflow boundary (figure 10). In the problem defini-
tion (2b), we made a choice to control the outflow on Γout1 , and to enforce a no-stress
condition on Γout2 . It is therefore natural to check if the reconstruction works well
also if Γout2 is controlled and a non-stress condition is applied on Γout1 . The results
for this setup are shown in figure 10. The reconstruction is similarly good as in the
base setup, indicating that the assimilation is not impacted significantly by the choice
of the controlled boundaries. Nevertheless, this choice might be more significant for
other setups, in particular if one of the outflows is in close proximity to the aneurysm.

4.2. Flow reconstruction in an aneurysm from 4DMRAmeasurements.
In this experiment, the variational data assimilation was applied to reconstruct the
blood flow conditions in an artificially introduced aneurysm. The measurements were
done using 4D PC-MRI, and are described in detail in [24]. The geometry was recon-
structed from an image obtained by time-averaging the observations, using VMTK
(www.vmtk.org). The observations were then linearly interpolated onto the resulting
mesh nodes.

The numerical settings are listed in table 2. The assimilation terminated after
30 optimisation iterations, when the relative change in one optimisation iteration
dropped below 0.09%.

For comparison, we additionally performed a high-resolution, low-viscosity flow
simulation with commonly used strategies for the initial and boundary conditions,
but without the data assimilation procedure described in this paper. To avoid spuri-
ous effects near the boundary for this simulation, the segmented geometry needed
to be extended by artificial straight arteries on the in- and outlets. The high-
resolution setup had 20 million DOFs with a Taylor-Hood pressure-corrector scheme
and a timestep of 5.9 · 10−4 s. Womersley boundary conditions were used on the
inflow and outflows. The inflow flux QΓin was interpolated from averaged obser-
vations as (QΓin − QΓout1

− QΓout2
)/3, the outflow flux on Γout1 was averaged as

QΓout1
/(QΓout1

+QΓout2
), and a traction free condition was applied on Γout2 .

The results for the data assimilation approach and the high-resolution solver are
13



Parameter Symbol Value Unit
Viscosity ν 7.5 m2/s
Model timestep ∆t 0.004625 s
End time T 0.629 s
Time discretisation θ 1.0
Spatial discretisation P1-P1
Dimension of spatial discretisation 184,464
Nitsche coefficient σ 100.0
Number of observations N 16
Regularisation parameter α = γ 10−5

Table 2
The numerical settings for the reconstruction of blood flow from 4D MRA measurements. The

first parameters specify the model setup, while the final two parameters configure the data assimila-
tion.

shown in figure 11. The figure shows the data assimilation with the instantaneous
observation operator - the results for the averaged observation operator look similar.
The high-resolution solution has transient to turbulent behaviour in the aneurysm,
while the assimilated solution is laminar. Visually, the assimilated solution fits better
to the observed velocity, both in the vessel and the aneurysm areas.

5. Conclusion and future work. This paper presented the application of vari-
ational data assimilation to reconstruct transient blood flow from observations such
as MRI images. This technique is well known in other scientific fields such as ocean
science and meteorology, but has thus far not been applied to 3D transient blood
flow reconstruction. Mathematically, the data assimilation problem is an optimisa-
tion problem constrained by the Navier-Stokes equations. We derived the reduced
formulation and described the numerical solution with a focus on retaining the func-
tion spaces in the optimisation to obtain mesh-independent iteration numbers in the
optimisation step.

The data assimilation was applied to two examples: first, the reconstruction of
blood flow in an idealised blood vessel with known solution. This example was used to
demonstrate that the proposed method is robust against user parameters and noisy
observations. The second example was based on real 4D MRI measurements in a
three-dimensional domain, and the result compared to a high-resolution blood flow
simulation.

Even though the considered blood flow model and observation operators are sim-
plified, the presented framework extends naturally to more complex setups. Possible
extension is to take into account the movement of the vessel wall, non-Newtonian
effects or a more realistic observation operator that reimplements an existing mea-
surement device. Furthermore, the reconstruction controls could be extended, for
example to also reconstruct the vessel geometry along with the initial and boundary
conditions.

Future improvements of the model should include periodic boundary conditions
and remove assumptions of traction free boundary on Γout2 .

The data assimilation procedure introduces an additional computational burden
on the flow reconstruction process - for the discussed examples the data assimilation
is typically around 50 times more computationally expensive than a single flow simu-
lation. To keep the computational time feasible, the mesh and time resolutions had to
be reduced compared to a single flow simulation study. A simple solution would be to
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first perform a data assimilation on a coarse setup, and then apply the reconstructed
initial and boundary conditions on a high-resolution simulation.
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Fig. 4. Results using the instantaneous observation operator with pointwise additive
Gaussian white noise. The signal-to-noise-ratio was computed as ‖T instutrue‖2/‖T instutrue − d‖2,
where d is the noisy data. The snapshots on the top three rows are taken at t = 0.296s.
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Fig. 5. Results using the time-averaging observation operator with pointwise additive
Gaussian white noise. The signal-to-noise ratio was computed as ‖T avgutrue‖2/‖T avgutrue − d‖2,
where d is the noisy data. The snapshots on the top three rows are taken at t = 0.296s.
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Fig. 6. Results using the instantaneous observation operator with varying α and γ regu-
larisation coefficients. The base setup (figure 4, left column) uses α = γ = 10−5. The snapshots on
the top two rows are taken at t = 0.296s.
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Fig. 7. Results using the time-averaging observation operator with varying α regularisa-
tion parameters. The base setup (figure 5, left column) uses α = γ = 10−5. The snapshots on the
top two rows are taken at t = 0.296s.
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Fig. 8. Results using the instantaneous observation operator with varying number of
observations. The base setup (figure 4, left column) uses N = 16 observations. The snapshots on
the top two rows are taken at t = 0.296s.
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Fig. 9. Results using the time-averaging observation operator with varying number of
observations. The base setup (figure 5, left column) uses N = 16 observations. The snapshots on
the top two rows are taken at t = 0.296s.
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Base setup with
swapped Dirichlet control
and T inst
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Fig. 10. Assimilation results where the controlled outlets are swapped from the base cases
(figures 4 and 5, left columns). The snapshots on the top two rows are taken at t = 0.296s.
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Fig. 11. Flow speed visualised through a slice of the 3D dog vessel. The snapshots are taken
at time t = 0.296s.
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