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Elliptic equations and error estimation



1. General - Elliptic equations

2. Maths - Lax-Milgram theorem

3. Numerics - Céa’s lemma



1. General - Elliptic equations



Characterisation of linear, 2nd order PDEs

It can be shown that for a linear PDE, the existence of characteristics depends on the sign of :

•  Characteristics:      hyperbolic equation  (information travels at some finite speed) 
•  No characteristics: elliptic equation         (information travels infinitely fast)

•  Degenerate case:   parabolic equation

Δ ≜ b2 − 4ac
Δ > 0 :
Δ < 0 :
Δ = 0 :

Elliptic equations are nice: 

• The behaviour at one point influences the behaviour everywhere, the solution si expected to be smooth 
• They are strictly boundary values problems (no initial conditions)
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• We consider a family of functions  satisfying the ellipticity condition: 
( ,  )


• An elliptic equation is an equation for  of the form: 

(aij)
α > 0 ξ ∈ ℝn

u

Generalization: ellipticity condition in dimension n

<latexit sha1_base64="Xv6SV2X15Xetj57eS9Pt/eWpxQA="></latexit>
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Note the link with the coercivity condition for the biliniear form  in Lax-Milgrama



Example 1/3: Poisson’s equation (steady-state diffusion)

<latexit sha1_base64="VGh2n6yLK2X1+0zurp5r8mv87Ac=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd2g6EUIevEYwTwg2YTeyWwyZHZ2mZlVQsh/ePGgiFf/xZt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWC4e3UbzwypXksH8woYX6EfclDTtFYqdOWGAjslElKrknYLRTdkjsDWSZeRoqQodotfLV7MU0jJg0VqHXLcxPjj1EZTgWb5NupZgnSIfZZy1KJEdP+eHb1hJxapUfCWNmShszU3xNjjLQeRYHtjNAM9KI3Ff/zWqkJr/wxl0lqmKTzRWEqiInJNALS44pRI0aWIFXc3kroABVSY4PK2xC8xZeXSb1c8i5K7v15sXKTxZGDYziBM/DgEipwB1WoAQUFz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDWrpFs</latexit>

r2u = f

Canonical example of hyperbolic equation

Example 2/3: Steady-state advection-diffusion equation with divergence-free velocity field

<latexit sha1_base64="5i4ojj8b9HUhIK2WJwq4jq+tHuU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUmKohuh6MZlBfuAJpbJZNIOnUzCzI1SSv/Cjb/ixoUibnXn3zh9LLT1wIXDOfdy7z1BKrgGx/m2FhaXlldWc2v59Y3NrW17Z7euk0xRVqOJSFQzIJoJLlkNOAjWTBUjcSBYI+hdjfzGPVOaJ/IW+inzY9KRPOKUgJHadsmTJBDkrowzfIw9wSIoPmCPhgngieUp3unCkfEvsNO2C07JGQPPE3dKCmiKatv+8sKEZjGTQAXRuuU6KfgDooBTwYZ5L9MsJbRHOqxlqCQx0/5g/NcQHxolxFGiTEnAY/X3xIDEWvfjwHTGBLp61huJ/3mtDKJzf8BlmgGTdLIoygSGBI9CwiFXjILoG0Ko4uZWTLtEEQomyrwJwZ19eZ7UyyX3tOTcnBQql9M4cmgfHaAictEZqqBrVEU1RNEjekav6M16sl6sd+tj0rpgTWf20B9Ynz9tt52S</latexit>

r2u� (w ·r)u = 0



• Small displacements, linearisation of the strain tensor: 

• Hooke’s law  
(for homogeneous and isotropic materials) 

• Mechanical equilibrium 
(no inertia) 

Example 3/3: Linear elasticity
<latexit sha1_base64="/1QsnU3Wq6k3PxPu7nL89ix7320="></latexit>
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<latexit sha1_base64="E0MtTIJvvIKq6c33uoj0eZ8Q3xs="></latexit>

(�+G)r (r · u) +Gr2u+ F = 0

We’ll prove the elliptic condition later

<latexit sha1_base64="uE2F3KfLgfu8at3BBNR6q4l5HKo="></latexit>

�ij = Cijklekl = ��ijekk + 2Geij

<latexit sha1_base64="5XNCuaXAlmwNh8cX1gvvxFO0PVM=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCIJREFL0IRUE8VrAf0IQy2WzapZtN2N0IpfTgxb/ixYMiXv0R3vw3btsctPXBwOO9GWbmBSlnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySWiDJDyR7QAU5UzQhmaa03YqKcQBp61gcD3xWw9UKpaIez1MqR9DT7CIEdBG6tplT0DAAXskTDT2FOvFgI/xDb7ETteuOFVnCrxI3JxUUI561/7ywoRkMRWacFCq4zqp9kcgNSOcjktepmgKZAA92jFUQEyVP5o+McaHRglxlEhTQuOp+ntiBLFSwzgwnTHovpr3JuJ/XifT0YU/YiLNNBVktijKONYJniSCQyYp0XxoCBDJzK2Y9EEC0Sa3kgnBnX95kTRPqu5Z1bk7rdSu8jiKqIwO0BFy0TmqoVtURw1E0CN6Rq/ozXqyXqx362PWWrDymX30B9bnD6telig=</latexit>r · � + F = 0



2. Maths - Lax-Milgram theorem



Let  be a Hilbert spaceV
Let  be bilinear and :


• continuous, i.e. there is a constant  such that, for any  and  in  


•  coercive (elliptic), i.e. there is a constant  such that, for any  in 

a : V × V → ℝ
M > 0 u v V :

α > 0 u V :

<latexit sha1_base64="DvfHUsn1XtwWC3FoRr6yTSoesG0=">AAACInicbVBNS8MwGE7n15xfVY9egkOYIKMVRb0NvXgRJrhusJaSZukWln6YpINR9lu8+Fe8eFDUk+CPMV0r6OYLIc/H+5K8jxczKqRhfGqlhcWl5ZXyamVtfWNzS9/esUSUcExaOGIR73hIEEZD0pJUMtKJOUGBx0jbG15lfntEuKBReCfHMXEC1A+pTzGSSnL1C1u5EqJacjQ6hDmxGbmHN9C2MpLkt2sVfPTDXb1q1I1pwXlgFqAKimq6+rvdi3ASkFBihoTomkYsnRRxSTEjk4qdCBIjPER90lUwRAERTjpdcQIPlNKDfsTVCSWcqr8nUhQIMQ481RkgORCzXib+53UT6Z87KQ3jRJIQ5w/5CYMygllesEc5wZKNFUCYU/VXiAeIIyxVqhUVgjm78jywjuvmad24Pak2Los4ymAP7IMaMMEZaIBr0AQtgMEDeAIv4FV71J61N+0jby1pxcwu+FPa1zdqt6Jg</latexit>

|a(u, v)|  MkukV kvkV

<latexit sha1_base64="+gx7E1fQj31gAgZMPwODlmXksFI=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFZwT6gMw530rQNzTzMQyilv+HGX3HjQhGXuvJvzLRdaOuBkJNz7uXmnjDlTCrH+bZyS8srq2v59cLG5tb2jr2715CJFoTWScIT0QpBUs5iWldMcdpKBYUo5LQZDq4yv/lAhWRJfKuGKfUj6MWsywgoIwW24xlXYSjpE32Mpw+vR++xBzztA/YamaKnd9C4qwR20Sk7E+BF4s5IEc1QC+xPr5MQHdFYEQ5Stl0nVf4IhGKE03HB05KmQAbQo21DY4io9EeTzcb4yCgd3E2EObHCE/V3xwgiKYdRaCojUH0572Xif15bq+6FP2JxqhWNyXRQV3OsEpzFhDtMUKL40BAggpm/YtIHAUSZMAsmBHd+5UXSqJTds7Jzc1qsXs7iyKMDdIhKyEXnqIquUQ3VEUGP6Bm9ojfryXqx3q2PaWnOmvXsoz+wvn4AHl6fIA==</latexit>

|a(u, u)| � ↵kuk2V

Let  be linear and :

• continuous, i.e. there is a constant  such that, for any  in  
b : V → ℝ

L > 0 v V :
<latexit sha1_base64="iYpoxizNDM7E8bdk7Ci2BEdDwPw=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQCMYKFgaGItG0UhNFjuu0Vh0n2E6lquonsPArLAwgxMrIxt/gNBmg5UiWj8+5V9f3BAmjUlnWt1FaWl5ZXSuvVzY2t7Z3zN09R8apwKSFYxaLToAkYZSTlqKKkU4iCIoCRtrB8Drz2yMiJI35vRonxItQn9OQYqS05JvHrnYVDGqjE5hTl5EHeAtdJ3uM8tt3fLNq1a0Z4CKxC1IFBZq++eX2YpxGhCvMkJRd20qUN0FCUczItOKmkiQID1GfdDXlKCLSm8wWmsIjrfRgGAt9uIIz9XfHBEVSjqNAV0ZIDeS8l4n/ed1UhZfehPIkVYTjfFCYMqhimKUDe1QQrNhYE4QF1X+FeIAEwkpnWNEh2PMrLxLntG6f1627s2rjqoijDA7AIagBG1yABrgBTdACGDyCZ/AK3own48V4Nz7y0pJR9OyDPzA+fwBZcZuH</latexit>

|b(v)|  LkvkV

Lax-Milgram theorem

Lax-Milgram theorem states that : 
      There is a unique solution  to the following problem:u

<latexit sha1_base64="lJrVHd8Du+P593kWi6D1Lvo2YJM=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhAQl3omgjBG0sI5gPyIUwt9kkS/b2zt29gxBS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM8yPOlHacbyuztLyyupZdz21sbm3v2Lt7NRXGktAqCXkoGz4oypmgVc00p41IUgh8Tuv+4Gbi1xMqFQvFvR5GtBVAT7AuI6CN1LYPoRCfJMUrv5AUsfcQQwd73VAC5zjBHhO41rbzTsmZAi8SNyV5lKLStr+8TkjigApNOCjVdJ1It0YgNSOcjnNerGgEZAA92jRUQEBVazR9ZYyPjdLB5gJTQuOp+ntiBIFSw8A3nQHovpr3JuJ/XjPW3cvWiIko1lSQ2aJuzLEO8SQX3GGSEs2HhgCRzNyKSR8kEG3Sy5kQ3PmXF0nttOSel5y7s3z5Oo0jiw7QESogF12gMrpFFVRFBD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gAoNJiq</latexit>

a(u, v) = b(v) 8v 2 V

We take   
+ conditions at boundaries discussed next

V ⊂ H1(Ω)

<latexit sha1_base64="ix9wqJc3+IDQJT2q/TlXyhXvPj8=">AAACJXicbVBNSwMxEM36bf2qevQSLIKglF1R9KAievGmglWhW8psmrbBbHZJJoWy9M948a948aCI4Mm/YtruQVsfDLy8N0NmXpRKYdD3v7yJyanpmdm5+cLC4tLySnF17c4kVjNeYYlM9EMEhkuheAUFSv6Qag5xJPl99HjR9+87XBuRqFvsprwWQ0uJpmCATqoXj4/tbuf0JBQK61l4FfMW9GyH7tA/SqggkkAtDVkjQZo/O/ViyS/7A9BxEuSkRHJc14vvYSNhNuYKmQRjqoGfYi0DjYJJ3iuE1vAU2CO0eNVRBTE3tWxwZY9uOaVBm4l2pZAO1N8TGcTGdOPIdcaAbTPq9cX/vKrF5lEtEyq1yBUbftS0kmJC+5HRhtCcoew6AkwLtytlbdDA0AVbcCEEoyePk7u9cnBQ9m/2S2fneRxzZINskm0SkENyRi7JNakQRp7IC3kj796z9+p9eJ/D1gkvn1knf+B9/wDQX6TW</latexit>
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Recipe to prove that Lax-Milgram theorem applies:

1. Multiplying by a test function  and integrating over the domain 
 

2. Integrating by part 
 

3. Applying boundary conditions

v

 

Using some maths (Cauchy-Schwarz, Poincaré, Korn) we need to check that:

•  is continuous and coercive

•  is continuous


a
b

<latexit sha1_base64="+LhrjirbQ6ByqtaBR3ErGh9765g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMPsBjBPOAZAmzk9lkzOzMMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0fXUbz1RpZkUD2YcUz/CA8FCRrCxUrN+c1tOTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJ86zinVfc+2qpdpXFkYcjOIYyeHABNbiDOjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fY5COWQ==</latexit>

PDE(u)

<latexit sha1_base64="vu/ugizhQBNqBWBhvIHbNsX7/PQ=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMQgISdkXRixD04jGCeUCyhN7JbDJk9sHM7EJYkoO/4sWDIl79DG/+jZNkD5pY0FBUddPd5UacSWVZ30ZuZXVtfSO/Wdja3tndM/cPGjKMBaF1EvJQtFyQlLOA1hVTnLYiQcF3OW26w7up30yokCwMHtUooo4P/YB5jIDSUtc8glJ8lpRv3FJSnkwmHS8UwDlOumbRqlgz4GViZ6SIMtS65lenF5LYp4EiHKRs21aknBSEYoTTcaETSxoBGUKftjUNwKfSSWcPjPGpVnpY79YVKDxTf0+k4Es58l3d6YMayEVvKv7ntWPlXTspC6JY0YDMF3kxxyrE0zRwjwlKFB9pAkQwfSsmAxBAlM6soEOwF19eJo3zin1ZsR4uitXbLI48OkYnqIRsdIWq6B7VUB0RNEbP6BW9GU/Gi/FufMxbc0Y2c4j+wPj8AXVPlbA=</latexit>

a(u, v) = b(v) 8v



Generalized Poincaré’s inequality

where the constant  only depends on  and .C p Ω

If  is a connected subset of ,  then there is a positive constant  such that 
for all  where the measure of  is non-zero

 

Ω ℝn C
u ∈ H̃1

0(Ω) = {u ∈ H1, u = 0 on Γ1 ⊂ Ω} Γ1

<latexit sha1_base64="d2JYPBYOBZdKOdVLCOjoX5Q1qwg=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZaZYdFnsxoWLCvYBnXHIpLdtaCYzJhmhDP0SN/6KGxeKCK70b0ynXdjWAyGHc84luSeIOVPatn+sldW19Y3N3FZ+e2d3b79wcNhUUSIpNGjEI9kOiALOBDQ00xzasQQSBhxawbA28VuPIBWLxJ0exeCFpC9Yj1GijeQXKm4TpMYJzm4/vbkvj7HL4QHXphJ2BQk4mU/4haJdsjPgZeLMSBHNUPcLX243okkIQlNOlOo4dqy9lEjNKIdx3k0UxIQOSR86hgoSgvLSbL0xPjVKF/ciaY7QOFP/TqQkVGoUBiYZEj1Qi95E/M/rJLp36aVMxIkGQacP9RKOdYQnXeEuk0A1HxlCqGTmr5gOiCRUm0bzpgRnceVl0iyXnErJvj0vVq9mdeTQMTpBZ8hBF6iKrlEdNRBFT+gFvaF369l6tT6sz2l0xZrNHKE5WN+/ICChQA==</latexit>

kukL2  CkrukL2

This shows that and  are equivalent norms, and only if we have a Dirichlet condition on ∥( . )∥H1, | ( . ) |H1 u



Diffusion equation

<latexit sha1_base64="lJrVHd8Du+P593kWi6D1Lvo2YJM=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhAQl3omgjBG0sI5gPyIUwt9kkS/b2zt29gxBS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM8yPOlHacbyuztLyyupZdz21sbm3v2Lt7NRXGktAqCXkoGz4oypmgVc00p41IUgh8Tuv+4Gbi1xMqFQvFvR5GtBVAT7AuI6CN1LYPoRCfJMUrv5AUsfcQQwd73VAC5zjBHhO41rbzTsmZAi8SNyV5lKLStr+8TkjigApNOCjVdJ1It0YgNSOcjnNerGgEZAA92jRUQEBVazR9ZYyPjdLB5gJTQuOp+ntiBIFSw8A3nQHovpr3JuJ/XjPW3cvWiIko1lSQ2aJuzLEO8SQX3GGSEs2HhgCRzNyKSR8kEG3Sy5kQ3PmXF0nttOSel5y7s3z5Oo0jiw7QESogF12gMrpFFVRFBD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gAoNJiq</latexit>

a(u, v) = b(v) 8v 2 V ?

<latexit sha1_base64="VGh2n6yLK2X1+0zurp5r8mv87Ac=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd2g6EUIevEYwTwg2YTeyWwyZHZ2mZlVQsh/ePGgiFf/xZt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWC4e3UbzwypXksH8woYX6EfclDTtFYqdOWGAjslElKrknYLRTdkjsDWSZeRoqQodotfLV7MU0jJg0VqHXLcxPjj1EZTgWb5NupZgnSIfZZy1KJEdP+eHb1hJxapUfCWNmShszU3xNjjLQeRYHtjNAM9KI3Ff/zWqkJr/wxl0lqmKTzRWEqiInJNALS44pRI0aWIFXc3kroABVSY4PK2xC8xZeXSb1c8i5K7v15sXKTxZGDYziBM/DgEipwB1WoAQUFz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDWrpFs</latexit>

r2u = f

Can we write it as a problem of the following form: 
Z

⌦
r2uv =

Z

⌦
fv

<latexit sha1_base64="HKtRDdj+aKH0dIM70TV/onMmto4=">AAACGnicbVA9SwNBEN3zM8avqKXNYBCswl1QtBGCNnYqGA3kYpjb7MUle3vH7l4gHIc/w8bfYGlnY6GIndj4b9wkFn49GHi8N8PMvCARXBvX/XAmJqemZ2YLc8X5hcWl5dLK6rmOU0VZncYiVo0ANRNcsrrhRrBGohhGgWAXQe9w6F/0mdI8lmdmkLBWhF3JQ07RWKld8nwuTTvzjyPWxRx8iYFAuKxCCtCHfYCffgj9dqnsVtwR4C/xvki5Vsuvg/u7/KRdevM7MU0jJg0VqHXTcxPTylAZTgXLi36qWYK0h13WtFRixHQrG72Ww6ZVOhDGypY0MFK/T2QYaT2IAtsZobnSv72h+J/XTE2418q4TFLDJB0vClMBJoZhTtDhilEjBpYgVdzeCvQKFVJj0yzaELzfL/8l59WKt13ZObVpHJAxCmSdbJAt4pFdUiNH5ITUCSU35IE8kWfn1nl0XpzXceuE8zWzRn7Aef8EmJejDA==</latexit>

ru · n = g on �2

<latexit sha1_base64="ve+wxf+oZAYLpRQoRfiqNxbIIAY=">AAACDXicbVC7SgNBFJ31GeNr1VKRwQdYhd2gaCOIFloqmAdkQ7g7mcQh81hmZoUQUtrY+Cs2gorY2tv5Df6Ek0ehiQfu5XDOvczcEyecGRsEX97E5NT0zGxmLju/sLi07K+sFo1KNaEForjS5RgM5UzSgmWW03KiKYiY01LcOuv5pVuqDVPy2rYTWhXQlKzBCFgn1fydSELMAac4InVlscTHuIl3sJKuRecgBNTyNX87yAV94HESDsn2ycbz1ffd5vNlzf+M6oqkgkpLOBhTCYPEVjugLSOcdrNRamgCpAVNWnFUgqCm2ulf08W7TqnjhtKupMV99fdGB4QxbRG7SQH2xox6PfE/r5LaxlG1w2SSWirJ4KFGyrFVuBcNrjNNieVtR4Bo5v6KyQ1oINYFmHUhhKMnj5NiPhfu5w6uXBqnaIAMWkdbaA+F6BCdoAt0iQqIoHv0iF7Qq/fgPXlv3vtgdMIb7qyhP/A+fgAZWZy+</latexit>

(1)

<latexit sha1_base64="mELp1bRGBlg2N6jPZ6LLA5mCsvQ=">AAAB6nicbVDLSgNBEOyJrxhfUY9eBoMQEcKuKHoMevEY0TwgWcLsZDYZMju7zMwKy5JP8CKiiFe/yFv+xsnjoIkFDUVVN91dfiy4No4zRrmV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESq5RPNBJesbrgRrBUrRkJfsKY/vJ34zSemNI/ko0lj5oWkL3nAKTFWeii7p91iyak4U+Bl4s5JqXrcOXsdV9Nat/jd6UU0CZk0VBCt264TGy8jynAq2KjQSTSLCR2SPmtbKknItJdNTx3hE6v0cBApW9Lgqfp7IiOh1mno286QmIFe9Cbif147McG1l3EZJ4ZJOlsUJAKbCE/+xj2uGDUitYRQxe2tmA6IItTYdAo2BHfx5WXSOK+4F5XLe5vGDcyQhyM4hjK4cAVVuIMa1IFCH57hDd6RQC/oA33OWnNoPnMIf4C+fgBc/JAt</latexit>

We take  u, v ∈ H̃1
0(Ω)

<latexit sha1_base64="/i7Mui9YMuzH5SUTyLdGU3OpdlY="></latexit>

H̃
1
0 (⌦) = {f 2 H

1(⌦), f = 0 on �1}

(2)

<latexit sha1_base64="cXKWSthEdAAaPm5/z1Gx8orK+nU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LC1CRShJUfRY9OKxov2ANpTNdtMu3WzC7kYIoT/Bi4giXv1F3vpv3LQ9aOuDgcd7M8zM8yLOlLbtqZVbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1749vMbz9RqVgoHnUSUTfAQ8F8RrA20kOldtYvlu2qPQNaJc6ClOul3vnrtJ40+sXv3iAkcUCFJhwr1XXsSLsplpoRTieFXqxohMkYD2nXUIEDqtx0duoEnRplgPxQmhIazdTfEykOlEoCz3QGWI/UspeJ/3ndWPvXbspEFGsqyHyRH3OkQ5T9jQZMUqJ5YggmkplbERlhiYk26RRMCM7yy6ukVas6F9XLe5PGDcyRhxMoQQUcuII63EEDmkBgCM/wBu8Wt16sD+tz3pqzFjPH8AfW1w9egZAu</latexit>

<latexit sha1_base64="qq4IYYzEdlroT2BrmKJqRvjDb40="></latexit>Z

⌦
rurv =

Z

⌦
fv +

Z

�1

(ru) · nv +
Z

�2

(ru) · nv

a(u, v) = b(v)

<latexit sha1_base64="q8uLuHJoOn8OCVro3IDsGWpAIK4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dhBahopQZUXQjFN24rGAf0I4lk2ba0ExmSDKVYehfuHDjQhG3/ou7/o3pY6HVA5d7OOdecnO8iDOlbXtsZZaWV1bXsuu5jc2t7Z387l5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZuI3hlQqFop7nUTUDXBPMJ8RrI30gEvxyfAIXSGvZFonX7TL9hToL3HmpFgptI+fxpWk2sl/tbshiQMqNOFYqZZjR9pNsdSMcDrKtWNFI0wGuEdbhgocUOWm06tH6NAoXeSH0pTQaKr+3EhxoFQSeGYywLqvFr2J+J/XirV/6aZMRLGmgswe8mOOdIgmEaAuk5RonhiCiWTmVkT6WGKiTVA5E4Kz+OW/pH5ads7K53cmjWuYIQsHUIASOHABFbiFKtSAgIRneIU369F6sd6tj9loxprv7MMvWJ/fq+yTqA==</latexit>

Z

⌦
rurv =

Z

⌦
fv +

Z

�2

gv

<latexit sha1_base64="vPT5uUEyNNiQEC1au9x65oSJFt4="></latexit>

<latexit sha1_base64="lRNUYM+snJfwmcaaJInU2OTUi5k=">AAAB6nicbVDLSgNBEOyJrxhfUY9eBoMQEcKuInoMevEY0TwgWcLsZDYZMju7zMwKy5JP8CKiiFe/yFv+xsnjoIkFDUVVN91dfiy4No4zRrmV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESq5RPNBJesbrgRrBUrRkJfsKY/vJ34zSemNI/ko0lj5oWkL3nAKTFWeihfnHaLJafiTIGXiTsnpepx5+x1XE1r3eJ3pxfRJGTSUEG0brtObLyMKMOpYKNCJ9EsJnRI+qxtqSQh0142PXWET6zSw0GkbEmDp+rviYyEWqehbztDYgZ60ZuI/3ntxATXXsZlnBgm6WxRkAhsIjz5G/e4YtSI1BJCFbe3YjogilBj0ynYENzFl5dJ47ziXlace5vGDcyQhyM4hjK4cAVVuIMa1IFCH57hDd6RQC/oA33OWnNoPnMIf4C+fgBewJAr</latexit>

(3)



Coercivity condition: Conditions
<latexit sha1_base64="IT65GgllRbcTYUMuw3tAQSbWX3M=">AAACKnicbVDLSgMxFM3UV62vUZdugkWoIGVGFF1W3XQjVLAP6IxDJs20oZmHSaZQhn6PG3/FTRdKceuHmOnMorYeCDn3nHtJ7nEjRoU0jJlWWFvf2Nwqbpd2dvf2D/TDo5YIY45JE4cs5B0XCcJoQJqSSkY6ESfIdxlpu8OH1G+PCBc0DJ7lOCK2j/oB9ShGUkmOfmcpV0JUiS9G5zArLEZe4SO0WmkRZ7eT1F/MSa6NFjVHLxtVYw64SsyclEGOhqNPrV6IY58EEjMkRNc0ImkniEuKGZmUrFiQCOEh6pOuogHyibCT+aoTeKaUHvRCrk4g4VxdnEiQL8TYd1Wnj+RALHup+J/XjaV3ayc0iGJJApw95MUMyhCmucEe5QRLNlYEYU7VXyEeII6wVOmWVAjm8sqrpHVZNa+rxtNVuXafx1EEJ+AUVIAJbkAN1EEDNAEGb+ADfIIv7V2bajPtO2staPnMMfgD7ecXtXOlog==</latexit>

|a(u, v)|  MkukH1kvkH1

<latexit sha1_base64="23YmZB5LADByTeScQK9N1W0jzi4=">AAACHXicbVDLSgMxFM34rPVVdekmWIQKUmZKRZdFN11WsA/oTMudNG1DMw/zEMrQH3Hjr7hxoYgLN+LfmHa60NYDISfn3MvNPX7MmVS2/W2trK6tb2xmtrLbO7t7+7mDw4aMtCC0TiIeiZYPknIW0rpiitNWLCgEPqdNf3Qz9ZsPVEgWhXdqHFMvgEHI+oyAMlI3V3aNqzAU9Lk+w+nDHdB77AKPh4DdxlTR6d1Nqh1n0il1c3m7aM+Al4kzJ3k0R62b+3R7EdEBDRXhIGXbsWPlJSAUI5xOsq6WNAYyggFtGxpCQKWXzLab4FOj9HA/EuaECs/U3x0JBFKOA99UBqCGctGbiv95ba36V17CwlgrGpJ0UF9zrCI8jQr3mKBE8bEhQAQzf8VkCAKIMoFmTQjO4srLpFEqOhdF+7acr1zP48igY3SCCshBl6iCqqiG6oigR/SMXtGb9WS9WO/WR1q6Ys17jtAfWF8/NM6gwQ==</latexit>

|a(u, u)| � ↵kuk2
H1

<latexit sha1_base64="CMZ4hCJzLjbZoC0gsD0j7nYRsUQ=">AAACFHicbVC7TsMwFHXKq5RXgJHFokIqQqoSBIKxgqUDQ5HoQ2pC5LhOa9Vxgu1UqqJ+BAu/wsIAQqwMbPwNTtMBWo5k+fice3V9jx8zKpVlfRuFpeWV1bXiemljc2t7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15nfntEhKQRv1PjmLgh6nMaUIyUljzzxNGugn5ldAxz6jDyAG+g08oeo/z20vq9PfHMslW1poCLxJ6RMpih4ZlfTi/CSUi4wgxJ2bWtWLkpEopiRiYlJ5EkRniI+qSrKUchkW46XWoCj7TSg0Ek9OEKTtXfHSkKpRyHvq4MkRrIeS8T//O6iQou3ZTyOFGE43xQkDCoIpglBHtUEKzYWBOEBdV/hXiABMJK51jSIdjzKy+S1mnVPq9at2fl2tUsjiI4AIegAmxwAWqgDhqgCTB4BM/gFbwZT8aL8W585KUFY9azD/7A+PwBYeudKA==</latexit>

|b(v)|  LkvkH1

<latexit sha1_base64="vOeDNvwxVozHKaqUpPW2MHilJ4Y="></latexit>

=) a(u, u) � 1

2
min

✓
1,

1

C2

◆Z

⌦

�
ru2 + u2

�
=

1

2
min

✓
1,

1

C2

◆
kuk2

H1

<latexit sha1_base64="2Yb39Ng0xr+zdZubTMCdHwcROLE="></latexit>

a(u, u) =

Z

⌦
ruru =

1

2

Z

⌦
ruru+

1

2

Z

⌦
ruru

Using Poincaré’s inequality

Z

⌦
ruru = kruk2L2 � 1

C2
kuk2L2

<latexit sha1_base64="wHPxzagN56c97QgYp3sugBeUgAE="></latexit>



Advection-diffusion equation

Can we write it as a problem of the following form: 
<latexit sha1_base64="X5IdJdjmJa8lQ3PMwIQLTm+FDIc=">AAACCXicbVDLSsNAFJ3UV62vqEs3Q1uhRSmJILoRim5cuKhgH9CEMplO26GTSZiZBELo1o1bP8ONC0Xc+gfu+jdOHwttPXDhcM693HuPFzIqlWWNjczK6tr6RnYzt7W9s7tn7h80ZBAJTOo4YIFoeUgSRjmpK6oYaYWCIN9jpOkNbyZ+MyZC0oA/qCQkro/6nPYoRkpLHROiUnQal+EVvCvF5SIsQqcXCMQYjKFDOWx0zIJVsaaAy8Sek0I175w8j6tJrWN+O90ARz7hCjMkZdu2QuWmSCiKGRnlnEiSEOEh6pO2phz5RLrp9JMRPNZKF+oLdHEFp+rviRT5Uia+pzt9pAZy0ZuI/3ntSPUu3ZTyMFKE49miXsSgCuAkFtilgmDFEk0QFlTfCvEACYSVDi+nQ7AXX14mjbOKfV6x7nUa12CGLDgCeVACNrgAVXALaqAOMHgEL+ANvBtPxqvxYXzOWjPGfOYQ/IHx9QOVw5oW</latexit>

a(u, v) = L(v) 8v 2 V

(1)

<latexit sha1_base64="mELp1bRGBlg2N6jPZ6LLA5mCsvQ=">AAAB6nicbVDLSgNBEOyJrxhfUY9eBoMQEcKuKHoMevEY0TwgWcLsZDYZMju7zMwKy5JP8CKiiFe/yFv+xsnjoIkFDUVVN91dfiy4No4zRrmV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESq5RPNBJesbrgRrBUrRkJfsKY/vJ34zSemNI/ko0lj5oWkL3nAKTFWeii7p91iyak4U+Bl4s5JqXrcOXsdV9Nat/jd6UU0CZk0VBCt26 4TGy8jynAq2KjQSTSLCR2SPmtbKknItJdNTx3hE6v0cBApW9Lgqfp7IiOh1mno286QmIFe9Cbif147McG1l3EZJ4ZJOlsUJAKbCE/+xj2uGDUitYRQxe2tmA6IItTYdAo2BHfx5WXSOK+4F5XLe5vGDcyQhyM4hjK4cAVVuIMa1IFCH57hDd6RQC/oA33OWnNoPnMIf4C+fgBc/JAt</latexit>

Z

⌦
r2uv +

Z

⌦
w · (ru)v =

Z

⌦
fv

<latexit sha1_base64="LWcflyabllB5Afw4V1Vv91cHlNY="></latexit>

(2)

<latexit sha1_base64="cXKWSthEdAAaPm5/z1Gx8orK+nU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LC1CRShJUfRY9OKxov2ANpTNdtMu3WzC7kYIoT/Bi4giXv1F3vpv3LQ9aOuDgcd7M8zM8yLOlLbtqZVbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1749vMbz9RqVgoHnUSUTfAQ8F8RrA20kOldtYvlu2qPQNaJc6ClOul3vnrtJ40+sXv3iAkcUCFJhwr1XXsSLsplpoRTieFXqxohMkYD2nXUIEDqtx0duoEnRplgPxQmhIazdTfEykOlEoCz3QGWI/UspeJ/3ndWPvXbspEFGsqyHyRH3OkQ5T9jQZMUqJ5YggmkplbERlhiYk26RRMCM7yy6ukVas6F9XLe5PGDcyRhxMoQQUcuII63EEDmkBgCM/wBu8Wt16sD+tz3pqzFjPH8AfW1w9egZAu</latexit>

<latexit sha1_base64="yGlM55i8Gabr5kM9gQbhp3eO1rw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dhBahpVISQXQjFN24rGAf0IYymU7boZNJmJkUQ+hfuHbjQhG3/oi7/o3TtAttPXC5h3PuZe4cL2RUKtueGZmNza3tnexubm//4PDIPM43ZRAJTBo4YIFoe0gSRjlpKKoYaYeCIN9jpOWN7+Z+a0KEpAF/VHFIXB8NOR1QjJSWemYelaLzSbmC03bjlSblnlm0q3YKa504S1KsFbqV51ktrvfM724/wJFPuMIMSdlx7FC5CRKKYkamuW4kSYjwGA1JR1OOfCLdJL19ap1ppW8NAqGLKytVf28kyJcy9j096SM1kqveXPzP60RqcO0mlIeRIhwvHhpEzFKBNQ/C6lNBsGKxJggLqm+18AgJhJWOK6dDcFa/vE6aF1Xnsmo/6DRuYYEsnEIBSuDAFdTgHurQAAxP8AJv8G5MjVfjw/hcjGaM5c4J/IHx9QMx3ZWT</latexit>

a(u, v) + c(u, v) = b(v)

Z

⌦
rurv +

Z

⌦
w ·r(u)v =

Z

⌦
fv

<latexit sha1_base64="+YHWAzPrD0om1v+scASOg4ooKl4="></latexit>

We take  u, v ∈ H1
0(Ω) H

1
0 (⌦) = {f 2 H

1(⌦), f = 0 on �}

<latexit sha1_base64="wqx+DzezGGe/XV9UBexFyThe7sk="></latexit>

r2u� w ·ru = 0

<latexit sha1_base64="EC2URF5V0wgY61Pwlhn3l5GudAY=">AAACCnicbZDLSsNAFIYn9dbWW9Slm9EiuLEkRdGNUHTjsoK9YBPLZDJph04mYWailtK1G1/AhxDBhSJufQJ3Po1Omy609YeBn++cw5nzezGjUlnWl5GZmZ2bX8jm8otLyyur5tp6TUaJwKSKIxaJhockYZSTqqKKkUYsCAo9Rupe93RYr18TIWnEL1QvJm6I2pwGFCOlUcvccjjyGLoqwQTu3UAH+5GCMIUaHUOrZRasojUSnDb22BTKufjh8un2u9IyPx0/wklIuMIMSdm0rVi5fSQUxYwM8k4iSYxwF7VJU1uOQiLd/uiUAdzRxIdBJPTjCo7o74k+CqXshZ7uDJHqyMnaEP5XayYqOHL7lMeJIhyni4KEQRXBYS7Qp4JgxXraICyo/ivEHSQQVjq9vA7Bnjx52tRKRXu/eHCu0zgBqbJgE2yDXWCDQ1AGZ6ACqgCDO/AIXsCrcW88G2/Ge9qaMcYzG+CPjI8frD6cEA==</latexit>

u = 0 on �

<latexit sha1_base64="3rvnvx2XyXbfibcQMdBi41X4mbo=">AAAB/HicbVDLSgMxFM3UVx1fo126CVbBVZkRRTfFogtdVrAPaIeSSTNtaJIZkowwDPVXXOhCEbf+gns34t+YPhbaeuBeDufcS25OEDOqtOt+W7mFxaXllfyqvba+sbnlbO/UVZRITGo4YpFsBkgRRgWpaaoZacaSIB4w0ggGlyO/cUekopG41WlMfI56goYUI22kjlNIYBm6cB9GwrT2FeIcdZyiW3LHgPPEm5Li+Yddjh+/7GrH+Wx3I5xwIjRmSKmW58baz5DUFDMytNuJIjHCA9QjLUMF4kT52fj4ITwwSheGkTQlNByrvzcyxJVKeWAmOdJ9NeuNxP+8VqLDMz+jIk40EXjyUJgwqCM4SgJ2qSRYs9QQhCU1t0LcRxJhbfKyTQje7JfnSf2o5B2XTm7cYuUCTJAHu2APHAIPnIIKuAZVUAMYpOABPIMX6956sl6tt8lozpruFMAfWO8/aTyVtA==</latexit>



Coercivity condition: 

We have already shown that the coercivity condition applies in case of a(u, v) = b(v) .

We need to make sure that the same is the case for a(u, v) + c(u, v) = b(v)

=) c(u, u) = �c(u, u) = 0

<latexit sha1_base64="GjNlL5AOscEUt+o6PTae53c0q2g=">AAACCHicbZDLSgMxFIYz9VbrbdSlC0OLUFHLjCi6EYpuXFawF+gMJZNm2tAkMyQZoQxdunHtW7hxoYhbH8Fd38b0Al7qD4GP/5zDyfmDmFGlHWdoZebmFxaXssu5ldW19Q17c6umokRiUsURi2QjQIowKkhVU81II5YE8YCRetC7GtXrd0QqGolb3Y+Jz1FH0JBipI3Vsnc9ys0eoiAuJofJPryA8OibnZZdcErOWHAW3CkUynnv4HFY7lda9qfXjnDCidCYIaWarhNrP0VSU8zIIOclisQI91CHNA0KxIny0/EhA7hnnDYMI2me0HDs/pxIEVeqzwPTyZHuqr+1kflfrZno8NxPqYgTTQSeLAoTBnUER6nANpUEa9Y3gLCk5q8Qd5FEWJvsciYE9+/Js1A7LrknpdMbk8YlmCgLdkAeFIELzkAZXIMKqAIM7sETeAGv1oP1bL1Z75PWjDWd2Qa/ZH18Abu/mY4=</latexit>

= 0 in case of only Dirichlet BC     

c(u, v) =

Z

⌦
w(ru)v = �

Z

⌦
(r · w)uv �

Z

⌦
wurv +

Z

�
uvw · n = �c(v, u)

<latexit sha1_base64="WGcWOhoDzQwfY/zmG9c2VpW4jMg="></latexit>

Here we have used: 

= 0 because of incompressible flow

Z

⌦
(r · w)uv = �

Z

⌦
wr(uv) +

Z

�
uvw · n =

Z

⌦
wr(u)v �

Z

⌦
wr(v)u

<latexit sha1_base64="kLxU9dmDSpQVXbC+W+3e02N7sao="></latexit>

+

Z

�
uvw · n

<latexit sha1_base64="0CRbqpzk+3WKxa+/ot1DeKJwIHc=">AAACB3icbVBNSwMxEM3Wr1q/qh4FCRZBEMquKHosetBjBauFbinZNG1Dk+ySzFbKsnjx4l/xoAdFvPoXvPlvzLYetPXBwOO9GWbmBZHgBlz3y8nNzM7NL+QXC0vLK6trxfWNaxPGmrIaDUWo6wExTHDFasBBsHqkGZGBYDdB/yzzbwZMGx6qKxhGrClJV/EOpwSs1Cpu433scwWtxD8nUpIUx3iAb33aDgGrQqtYcsvuCHiaeD+kVKmkd8HbU1ptFT/9dkhjyRRQQYxpeG4EzYRo4FSwtODHhkWE9kmXNSxVRDLTTEZ/pHjXKm3cCbUtBXik/p5IiDRmKAPbKQn0zKSXif95jRg6J82EqygGpuh4UScWGEKchYLbXDMKYmgJoZrbWzHtEU0o2OiyELzJl6fJ9UHZOywfXdo0TtEYebSFdtAe8tAxqqALVEU1RNE9ekQv6NV5cJ6dN+d93JpzfmY20R84H9+qyZui</latexit>

�

<latexit sha1_base64="EKhzQZ9inHHLeMB4MoCGpp0G7Ys=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXFD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6XrQ9QuFN2SOwaaJ96UFMu5+PX24/670i58tjqSJBEVhnCsddNzY+OnWBlGOB3mW4mmMSZ93KVNSwWOqPbT8aVDtG+VDgqlsiUMGqu/J1IcaT2IAtsZYdPTs95I/M9rJiY881Mm4sRQQSaLwoQjI9HobdRhihLDB5Zgopi9FZEeVpgYG07ehuDNvjxPakcl77h0cmXTOIcJsrALe3AAHpxCGS6hAlUgEMIDPMGz03cenRfnbdKacaYzO/AHzvsP6+mQsQ==</latexit>



Linear elasticity (1/4) 
Weak problem

• Finally, after applying the boundary conditions: 
<latexit sha1_base64="sIHh3QOpqNWLiBudjypMjz4tw3A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahBSlJUfQiFL14rGA/oA1ls920SzebuLsJlNDf4cWDIl79Md78N27bHLT1wcDjvRlm5nkRZ0rb9reVW1vf2NzKbxd2dvf2D4qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+O7md9OqFQsFI96ElE3wEPBfEawNpKLy/F5UkE3yCsnlX6xZFftOdAqcTJSggyNfvGrNwhJHFChCcdKdR070m6KpWaE02mhFysaYTLGQ9o1VOCAKjedHz1FZ0YZID+UpoRGc/X3RIoDpSaBZzoDrEdq2ZuJ/3ndWPvXbspEFGsqyGKRH3OkQzRLAA2YpETziSGYSGZuRWSEJSba5FQwITjLL6+SVq3qXFbth4tS/TaLIw8ncAplcOAK6nAPDWgCgSd4hld4sxLrxXq3PhatOSubOYY/sD5/ADcSkG8=</latexit>

a(u, v) = b(v)

<latexit sha1_base64="CTBZVY/VW+0d0gRGgUTjxNiXWKA="></latexit>Z

⌦
�ij(u)eij(v) =

Z

⌦
F · v +

Z

�2

g · v

<latexit sha1_base64="gw4p+jtHZCPR+mLb7IqbVfVTl98=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURRTdC0YUuK9gHNCFMptN26DzCzEQoocVfceNCEbd+hzv/xmmbhbYeuHA4517uvSdOGNXG876dwtLyyupacb20sbm1vePu7jW0TBUmdSyZVK0YacKoIHVDDSOtRBHEY0aa8eBm4jcfidJUigczTEjIUU/QLsXIWClyD9Irb5wFikMpxqPgFnGOIj9yy17FmwIuEj8nZZCjFrlfQUfilBNhMENat30vMWGGlKGYkVEpSDVJEB6gHmlbKhAnOsym54/gsVU6sCuVLWHgVP09kSGu9ZDHtpMj09fz3kT8z2unpnsZZlQkqSECzxZ1UwaNhJMsYIcqgg0bWoKwovZWiPtIIWxsYiUbgj//8iJpnFb884p3f1auXudxFMEhOAInwAcXoAruQA3UAQYZeAav4M15cl6cd+dj1lpw8pl98AfO5w/Ik5Ve</latexit>

u = 0 on �1

<latexit sha1_base64="cR5fNSqCJq2tPJ3FU2ZZeN3ddc8=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXRRghaaKlgEiEbwt3JJA7OY5m5K4Ql9jb+io2FIrZ+gJ1/4ySm0MQDA4dzzuXOPUkqhcMw/Aqmpmdm5+YXFgtLyyura8X1jZozmWW8yow09joBx6XQvIoCJb9OLQeVSF5Pbk8Hfv2OWyeMvsJeypsKulp0BAP0UqtYihEyGrO2QarpMe3S+zy2ihp934/PQClo7flUWA6HoJMkGpESGeGiVfyM24ZlimtkEpxrRGGKzRwsCiZ5vxBnjqfAbqHLG55qUNw18+ExfbrjlTbtGOufRjpUf0/koJzrqcQnFeCNG/cG4n9eI8POUTMXOs2Qa/azqJNJioYOmqFtYTlD2fMEmBX+r5TdgAWGvr+CLyEaP3mS1PbK0UE5vNwvVU5GdSyQLbJNdklEDkmFnJMLUiWMPJAn8kJeg8fgOXgL3n+iU8FoZpP8QfDxDR9Hmmc=</latexit>

⌧ · n = g on �2

<latexit sha1_base64="t3je/Qy+xSuY7oZqxQY6Cn6mFq0=">AAACGXicbZBNSwMxEIazflu/qh69BIvQIpTdouhFKHrxqGBV6K4lm862odnskswKZenf8OJf8eJBEY968t+Y1iJafSHw8M4Mk3nDVAqDrvvhTE3PzM7NLywWlpZXVteK6xuXJsk0hwZPZKKvQ2ZACgUNFCjhOtXA4lDCVdg7GdavbkEbkagL7KcQxKyjRCQ4Q2u1ii6Us8qRH2nGvZovIcKyr1goGc3oLv3mys2Fr0Wni5VWseRW3ZHoX/DGUCJjnbWKb3474VkMCrlkxjQ9N8UgZxoFlzAo+JmBlPEe60DTomIxmCAfXTagO9Zp0yjR9imkI/fnRM5iY/pxaDtjhl0zWRua/9WaGUaHQS5UmiEo/rUoyiTFhA5jom2hgaPsW2BcC/tXyrvMpoQ2zIINwZs8+S9c1qreftU93yvVj8dxLJAtsk3KxCMHpE5OyRlpEE7uyAN5Is/OvfPovDivX61Tznhmk/yS8/4JAAaecA==</latexit>

e(u) =
1

2

�
ru+ (ru)T

�

<latexit sha1_base64="447PJBT5TV9Mg5G6UrUBbgYaGaU="></latexit>Z

⌦
� : rv =

Z

⌦
F · v +

Z

@⌦
(� · n) · v• Multiplying by a test function, integrating over the domain, integration by part:

<latexit sha1_base64="9MybTUM0Al/N/Z2Npea0VpspHso="></latexit>

�ij
@vi
@xj

=
1

2
�ij

@vi
@xj

+
1

2
�ji

@vi
@xj

= �ij
1

2

✓
@vi
@xj

+
@vj
@xi

◆

= �ijeij(v)

• Using the symmetry of the stress tensor:

<latexit sha1_base64="SYEqSd5Og512B1dZHg+6bH4zZBg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkRRTdCsRuXFewD2mHIpJk2NskMSUYow4Abf8WNC0Xc+hPu/Bsz7Sy09UByD+fcS3JPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMG7nfeSBS0Ujc6UlMPI6GgoYUI20k3z7oKzrkyE/pfXbVyMuYZcRPze3bVafmTAEXiVuQKijQ9O2v/iDCCSdCY4aU6rlOrL0USU0xI1mlnygSIzxGQ9IzVCBOlJdOd8jgsVEGMIykOULDqfp7IkVcqQkPTCdHeqTmvVz8z+slOrz0UiriRBOBZw+FCYM6gnkgcEAlwZpNDEFYUvNXiEdIIqxNbBUTgju/8iJpn9bc85pze1atXxdxlMEhOAInwAUXoA5uQBO0AAaP4Bm8gjfryXqx3q2PWWvJKmb2wR9Ynz/2iphe</latexit>

�ij = Cijklekl

<latexit sha1_base64="5XNCuaXAlmwNh8cX1gvvxFO0PVM=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCIJREFL0IRUE8VrAf0IQy2WzapZtN2N0IpfTgxb/ixYMiXv0R3vw3btsctPXBwOO9GWbmBSlnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySWiDJDyR7QAU5UzQhmaa03YqKcQBp61gcD3xWw9UKpaIez1MqR9DT7CIEdBG6tplT0DAAXskTDT2FOvFgI/xDb7ETteuOFVnCrxI3JxUUI561/7ywoRkMRWacFCq4zqp9kcgNSOcjktepmgKZAA92jFUQEyVP5o+McaHRglxlEhTQuOp+ntiBLFSwzgwnTHovpr3JuJ/XifT0YU/YiLNNBVktijKONYJniSCQyYp0XxoCBDJzK2Y9EEC0Sa3kgnBnX95kTRPqu5Z1bk7rdSu8jiKqIwO0BFy0TmqoVtURw1E0CN6Rq/ozXqyXqx362PWWrDymX30B9bnD6telig=</latexit>r · � + F = 0



Linear elasticity (2/4) 
Lax-Milgram and coercivity

<latexit sha1_base64="q1QJxDrSispDvAbL/7Ar3OuSa14=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQBCHsiqIXISiIxwjmAdkQeieTZMjs7DLTK4QQvPgrXjwo4tWv8ObfOHkcNLGgoajqprsrTKQw6HnfTmZhcWl5JbuaW1vf2Nxyt3cqJk4142UWy1jXQjBcCsXLKFDyWqI5RKHk1bB3PfKrD1wbEat77Ce8EUFHibZggFZqunuBglACDVgrRhogpPSY3tBL6jXdvFfwxqDzxJ+SPJmi1HS/glbM0ogrZBKMqftego0BaBRM8mEuSA1PgPWgw+uWKoi4aQzGLwzpoVVatB1rWwrpWP09MYDImH4U2s4IsGtmvZH4n1dPsX3RGAiVpMgVmyxqp5JiTEd50JbQnKHsWwJMC3srZV3QwNCmlrMh+LMvz5PKScE/K3h3p/ni1TSOLNknB+SI+OScFMktKZEyYeSRPJNX8uY8OS/Ou/Mxac0405ld8gfO5w8gIpVN</latexit>r · ⌧ + F = 0

<latexit sha1_base64="gw4p+jtHZCPR+mLb7IqbVfVTl98=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURRTdC0YUuK9gHNCFMptN26DzCzEQoocVfceNCEbd+hzv/xmmbhbYeuHA4517uvSdOGNXG876dwtLyyupacb20sbm1vePu7jW0TBUmdSyZVK0YacKoIHVDDSOtRBHEY0aa8eBm4jcfidJUigczTEjIUU/QLsXIWClyD9Irb5wFikMpxqPgFnGOIj9yy17FmwIuEj8nZZCjFrlfQUfilBNhMENat30vMWGGlKGYkVEpSDVJEB6gHmlbKhAnOsym54/gsVU6sCuVLWHgVP09kSGu9ZDHtpMj09fz3kT8z2unpnsZZlQkqSECzxZ1UwaNhJMsYIcqgg0bWoKwovZWiPtIIWxsYiUbgj//8iJpnFb884p3f1auXudxFMEhOAInwAcXoAruQA3UAQYZeAav4M15cl6cd+dj1lpw8pl98AfO5w/Ik5Ve</latexit>

u = 0 on �1

<latexit sha1_base64="cR5fNSqCJq2tPJ3FU2ZZeN3ddc8=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXRRghaaKlgEiEbwt3JJA7OY5m5K4Ql9jb+io2FIrZ+gJ1/4ySm0MQDA4dzzuXOPUkqhcMw/Aqmpmdm5+YXFgtLyyura8X1jZozmWW8yow09joBx6XQvIoCJb9OLQeVSF5Pbk8Hfv2OWyeMvsJeypsKulp0BAP0UqtYihEyGrO2QarpMe3S+zy2ihp934/PQClo7flUWA6HoJMkGpESGeGiVfyM24ZlimtkEpxrRGGKzRwsCiZ5vxBnjqfAbqHLG55qUNw18+ExfbrjlTbtGOufRjpUf0/koJzrqcQnFeCNG/cG4n9eI8POUTMXOs2Qa/azqJNJioYOmqFtYTlD2fMEmBX+r5TdgAWGvr+CLyEaP3mS1PbK0UE5vNwvVU5GdSyQLbJNdklEDkmFnJMLUiWMPJAn8kJeg8fgOXgL3n+iU8FoZpP8QfDxDR9Hmmc=</latexit>

⌧ · n = g on �2

<latexit sha1_base64="t3je/Qy+xSuY7oZqxQY6Cn6mFq0=">AAACGXicbZBNSwMxEIazflu/qh69BIvQIpTdouhFKHrxqGBV6K4lm862odnskswKZenf8OJf8eJBEY968t+Y1iJafSHw8M4Mk3nDVAqDrvvhTE3PzM7NLywWlpZXVteK6xuXJsk0hwZPZKKvQ2ZACgUNFCjhOtXA4lDCVdg7GdavbkEbkagL7KcQxKyjRCQ4Q2u1ii6Us8qRH2nGvZovIcKyr1goGc3oLv3mys2Fr0Wni5VWseRW3ZHoX/DGUCJjnbWKb3474VkMCrlkxjQ9N8UgZxoFlzAo+JmBlPEe60DTomIxmCAfXTagO9Zp0yjR9imkI/fnRM5iY/pxaDtjhl0zWRua/9WaGUaHQS5UmiEo/rUoyiTFhA5jom2hgaPsW2BcC/tXyrvMpoQ2zIINwZs8+S9c1qreftU93yvVj8dxLJAtsk3KxCMHpE5OyRlpEE7uyAN5Is/OvfPovDivX61Tznhmk/yS8/4JAAaecA==</latexit>

e(u) =
1

2

�
ru+ (ru)T

�

<latexit sha1_base64="sIHh3QOpqNWLiBudjypMjz4tw3A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahBSlJUfQiFL14rGA/oA1ls920SzebuLsJlNDf4cWDIl79Md78N27bHLT1wcDjvRlm5nkRZ0rb9reVW1vf2NzKbxd2dvf2D4qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+O7md9OqFQsFI96ElE3wEPBfEawNpKLy/F5UkE3yCsnlX6xZFftOdAqcTJSggyNfvGrNwhJHFChCcdKdR070m6KpWaE02mhFysaYTLGQ9o1VOCAKjedHz1FZ0YZID+UpoRGc/X3RIoDpSaBZzoDrEdq2ZuJ/3ndWPvXbspEFGsqyGKRH3OkQzRLAA2YpETziSGYSGZuRWSEJSba5FQwITjLL6+SVq3qXFbth4tS/TaLIw8ncAplcOAK6nAPDWgCgSd4hld4sxLrxXq3PhatOSubOYY/sD5/ADcSkG8=</latexit>

a(u, v) = b(v)

<latexit sha1_base64="CTBZVY/VW+0d0gRGgUTjxNiXWKA="></latexit>Z

⌦
�ij(u)eij(v) =

Z

⌦
F · v +

Z

�2

g · v

Showing that  and  are continuous is not difficult, the tricky point is the coercivity of the bilinear form:a b ?
<latexit sha1_base64="23YmZB5LADByTeScQK9N1W0jzi4=">AAACHXicbVDLSgMxFM34rPVVdekmWIQKUmZKRZdFN11WsA/oTMudNG1DMw/zEMrQH3Hjr7hxoYgLN+LfmHa60NYDISfn3MvNPX7MmVS2/W2trK6tb2xmtrLbO7t7+7mDw4aMtCC0TiIeiZYPknIW0rpiitNWLCgEPqdNf3Qz9ZsPVEgWhXdqHFMvgEHI+oyAMlI3V3aNqzAU9Lk+w+nDHdB77AKPh4DdxlTR6d1Nqh1n0il1c3m7aM+Al4kzJ3k0R62b+3R7EdEBDRXhIGXbsWPlJSAUI5xOsq6WNAYyggFtGxpCQKWXzLab4FOj9HA/EuaECs/U3x0JBFKOA99UBqCGctGbiv95ba36V17CwlgrGpJ0UF9zrCI8jQr3mKBE8bEhQAQzf8VkCAKIMoFmTQjO4srLpFEqOhdF+7acr1zP48igY3SCCshBl6iCqqiG6oigR/SMXtGb9WS9WO/WR1q6Ys17jtAfWF8/NM6gwQ==</latexit>

|a(u, u)| � ↵kuk2
H1

<latexit sha1_base64="SYEqSd5Og512B1dZHg+6bH4zZBg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkRRTdCsRuXFewD2mHIpJk2NskMSUYow4Abf8WNC0Xc+hPu/Bsz7Sy09UByD+fcS3JPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMG7nfeSBS0Ujc6UlMPI6GgoYUI20k3z7oKzrkyE/pfXbVyMuYZcRPze3bVafmTAEXiVuQKijQ9O2v/iDCCSdCY4aU6rlOrL0USU0xI1mlnygSIzxGQ9IzVCBOlJdOd8jgsVEGMIykOULDqfp7IkVcqQkPTCdHeqTmvVz8z+slOrz0UiriRBOBZw+FCYM6gnkgcEAlwZpNDEFYUvNXiEdIIqxNbBUTgju/8iJpn9bc85pze1atXxdxlMEhOAInwAUXoA5uQBO0AAaP4Bm8gjfryXqx3q2PWWvJKmb2wR9Ynz/2iphe</latexit>

�ij = Cijklekl

<latexit sha1_base64="kbfTXk+R4Qd9c9xtRQxTaLnS/EQ="></latexit>

a(u, u) =

Z

⌦
Cijkleijekl

� ↵

Z

⌦
eijeij =

X

i,j

keijkL2(⌦)

If we assume that  is such that  for some positive constant C Cijkleijekl ≥ αeijeij α



Linear elasticity (3/4) 
Korn’s lemma

<latexit sha1_base64="q1QJxDrSispDvAbL/7Ar3OuSa14=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQBCHsiqIXISiIxwjmAdkQeieTZMjs7DLTK4QQvPgrXjwo4tWv8ObfOHkcNLGgoajqprsrTKQw6HnfTmZhcWl5JbuaW1vf2Nxyt3cqJk4142UWy1jXQjBcCsXLKFDyWqI5RKHk1bB3PfKrD1wbEat77Ce8EUFHibZggFZqunuBglACDVgrRhogpPSY3tBL6jXdvFfwxqDzxJ+SPJmi1HS/glbM0ogrZBKMqftego0BaBRM8mEuSA1PgPWgw+uWKoi4aQzGLwzpoVVatB1rWwrpWP09MYDImH4U2s4IsGtmvZH4n1dPsX3RGAiVpMgVmyxqp5JiTEd50JbQnKHsWwJMC3srZV3QwNCmlrMh+LMvz5PKScE/K3h3p/ni1TSOLNknB+SI+OScFMktKZEyYeSRPJNX8uY8OS/Ou/Mxac0405ld8gfO5w8gIpVN</latexit>r · ⌧ + F = 0

<latexit sha1_base64="gw4p+jtHZCPR+mLb7IqbVfVTl98=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURRTdC0YUuK9gHNCFMptN26DzCzEQoocVfceNCEbd+hzv/xmmbhbYeuHA4517uvSdOGNXG876dwtLyyupacb20sbm1vePu7jW0TBUmdSyZVK0YacKoIHVDDSOtRBHEY0aa8eBm4jcfidJUigczTEjIUU/QLsXIWClyD9Irb5wFikMpxqPgFnGOIj9yy17FmwIuEj8nZZCjFrlfQUfilBNhMENat30vMWGGlKGYkVEpSDVJEB6gHmlbKhAnOsym54/gsVU6sCuVLWHgVP09kSGu9ZDHtpMj09fz3kT8z2unpnsZZlQkqSECzxZ1UwaNhJMsYIcqgg0bWoKwovZWiPtIIWxsYiUbgj//8iJpnFb884p3f1auXudxFMEhOAInwAcXoAruQA3UAQYZeAav4M15cl6cd+dj1lpw8pl98AfO5w/Ik5Ve</latexit>

u = 0 on �1

<latexit sha1_base64="cR5fNSqCJq2tPJ3FU2ZZeN3ddc8=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXRRghaaKlgEiEbwt3JJA7OY5m5K4Ql9jb+io2FIrZ+gJ1/4ySm0MQDA4dzzuXOPUkqhcMw/Aqmpmdm5+YXFgtLyyura8X1jZozmWW8yow09joBx6XQvIoCJb9OLQeVSF5Pbk8Hfv2OWyeMvsJeypsKulp0BAP0UqtYihEyGrO2QarpMe3S+zy2ihp934/PQClo7flUWA6HoJMkGpESGeGiVfyM24ZlimtkEpxrRGGKzRwsCiZ5vxBnjqfAbqHLG55qUNw18+ExfbrjlTbtGOufRjpUf0/koJzrqcQnFeCNG/cG4n9eI8POUTMXOs2Qa/azqJNJioYOmqFtYTlD2fMEmBX+r5TdgAWGvr+CLyEaP3mS1PbK0UE5vNwvVU5GdSyQLbJNdklEDkmFnJMLUiWMPJAn8kJeg8fgOXgL3n+iU8FoZpP8QfDxDR9Hmmc=</latexit>

⌧ · n = g on �2

<latexit sha1_base64="t3je/Qy+xSuY7oZqxQY6Cn6mFq0=">AAACGXicbZBNSwMxEIazflu/qh69BIvQIpTdouhFKHrxqGBV6K4lm862odnskswKZenf8OJf8eJBEY968t+Y1iJafSHw8M4Mk3nDVAqDrvvhTE3PzM7NLywWlpZXVteK6xuXJsk0hwZPZKKvQ2ZACgUNFCjhOtXA4lDCVdg7GdavbkEbkagL7KcQxKyjRCQ4Q2u1ii6Us8qRH2nGvZovIcKyr1goGc3oLv3mys2Fr0Wni5VWseRW3ZHoX/DGUCJjnbWKb3474VkMCrlkxjQ9N8UgZxoFlzAo+JmBlPEe60DTomIxmCAfXTagO9Zp0yjR9imkI/fnRM5iY/pxaDtjhl0zWRua/9WaGUaHQS5UmiEo/rUoyiTFhA5jom2hgaPsW2BcC/tXyrvMpoQ2zIINwZs8+S9c1qreftU93yvVj8dxLJAtsk3KxCMHpE5OyRlpEE7uyAN5Is/OvfPovDivX61Tznhmk/yS8/4JAAaecA==</latexit>

e(u) =
1

2

�
ru+ (ru)T

�

<latexit sha1_base64="sIHh3QOpqNWLiBudjypMjz4tw3A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahBSlJUfQiFL14rGA/oA1ls920SzebuLsJlNDf4cWDIl79Md78N27bHLT1wcDjvRlm5nkRZ0rb9reVW1vf2NzKbxd2dvf2D4qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+O7md9OqFQsFI96ElE3wEPBfEawNpKLy/F5UkE3yCsnlX6xZFftOdAqcTJSggyNfvGrNwhJHFChCcdKdR070m6KpWaE02mhFysaYTLGQ9o1VOCAKjedHz1FZ0YZID+UpoRGc/X3RIoDpSaBZzoDrEdq2ZuJ/3ndWPvXbspEFGsqyGKRH3OkQzRLAA2YpETziSGYSGZuRWSEJSba5FQwITjLL6+SVq3qXFbth4tS/TaLIw8ncAplcOAK6nAPDWgCgSd4hld4sxLrxXq3PhatOSubOYY/sD5/ADcSkG8=</latexit>

a(u, v) = b(v)

<latexit sha1_base64="PL+vrzqhTcp76F/hxrwS9kIOWCg="></latexit>Z

⌦
�ijeij(v) =

Z

⌦
F · v +

Z

�2

g · v

<latexit sha1_base64="t3je/Qy+xSuY7oZqxQY6Cn6mFq0=">AAACGXicbZBNSwMxEIazflu/qh69BIvQIpTdouhFKHrxqGBV6K4lm862odnskswKZenf8OJf8eJBEY968t+Y1iJafSHw8M4Mk3nDVAqDrvvhTE3PzM7NLywWlpZXVteK6xuXJsk0hwZPZKKvQ2ZACgUNFCjhOtXA4lDCVdg7GdavbkEbkagL7KcQxKyjRCQ4Q2u1ii6Us8qRH2nGvZovIcKyr1goGc3oLv3mys2Fr0Wni5VWseRW3ZHoX/DGUCJjnbWKb3474VkMCrlkxjQ9N8UgZxoFlzAo+JmBlPEe60DTomIxmCAfXTagO9Zp0yjR9imkI/fnRM5iY/pxaDtjhl0zWRua/9WaGUaHQS5UmiEo/rUoyiTFhA5jom2hgaPsW2BcC/tXyrvMpoQ2zIINwZs8+S9c1qreftU93yvVj8dxLJAtsk3KxCMHpE5OyRlpEE7uyAN5Is/OvfPovDivX61Tznhmk/yS8/4JAAaecA==</latexit>

e(u) =
1

2

�
ru+ (ru)T

�

We need to prove:

Korn’s inequality:  
There is a positive constant  such that, for all  in : C u [H1(Ω)]3

<latexit sha1_base64="jObT8e3t0G6z95wVUWxOYS7VNi4="></latexit>

kukH1  C

8
<

:kuk2
L2 +

X

i,j

keij(u)k2L2

9
=

;

1/2

<latexit sha1_base64="nrNsdGUEzGn89PWp6gz45aHiSFQ=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAgRJOwGRcugjYVFBPOAbLLMTm6SSWYfzMwKYdlfsPFXbCwUsbWz82+cJFto4oGBc8+5lzv3eBFnUlnWt7G0vLK6tp7byG9ube/smnv7dRnGgkKNhjwUTY9I4CyAmmKKQzMSQHyPQ8MbXU/8xgMIycLgXo0jaPukH7Aeo0RpyTWLjox9N2GnwxQ7dRAKg66GaTE+mdVuctspp52yaxaskjUFXiR2RgooQ9U1v5xuSGMfAkU5kbJlW5FqJ0QoRjmkeSeWEBE6In1oaRoQH2Q7mV6U4mOtdHEvFPoFCk/V3xMJ8aUc+57u9IkayHlvIv7ntWLVu2wnLIhiBQGdLerFHKsQT+LBXSaAKj7WhFDB9F8xHRBBqNIh5nUI9vzJi6ReLtnnJevurFC5yuLIoUN0hIrIRheogm5QFdUQRY/oGb2iN+PJeDHejY9Z65KRzRygPzA+fwBj4py4</latexit>X

i,j

keij(u)k2L2

One consequence, analogous to Poincaré’s inequality: 
 
 if the measure of  is non-zero, thenΓ1

defines a norm, and this norm is equivalent to the  normH1

<latexit sha1_base64="SYEqSd5Og512B1dZHg+6bH4zZBg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkRRTdCsRuXFewD2mHIpJk2NskMSUYow4Abf8WNC0Xc+hPu/Bsz7Sy09UByD+fcS3JPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMG7nfeSBS0Ujc6UlMPI6GgoYUI20k3z7oKzrkyE/pfXbVyMuYZcRPze3bVafmTAEXiVuQKijQ9O2v/iDCCSdCY4aU6rlOrL0USU0xI1mlnygSIzxGQ9IzVCBOlJdOd8jgsVEGMIykOULDqfp7IkVcqQkPTCdHeqTmvVz8z+slOrz0UiriRBOBZw+FCYM6gnkgcEAlwZpNDEFYUvNXiEdIIqxNbBUTgju/8iJpn9bc85pze1atXxdxlMEhOAInwAUXoA5uQBO0AAaP4Bm8gjfryXqx3q2PWWvJKmb2wR9Ynz/2iphe</latexit>

�ij = Cijklekl

?
<latexit sha1_base64="i/fJ4+t7qYEdSvrPIfHbC0rjDqY="></latexit>

a(u, u) �
X

i,j

keij(u)kL2(⌦) � ↵kuk2
H1



Linear elasticity (4/4) 
Physical interpretation of the need for Dirichlet

<latexit sha1_base64="nrNsdGUEzGn89PWp6gz45aHiSFQ=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAgRJOwGRcugjYVFBPOAbLLMTm6SSWYfzMwKYdlfsPFXbCwUsbWz82+cJFto4oGBc8+5lzv3eBFnUlnWt7G0vLK6tp7byG9ube/smnv7dRnGgkKNhjwUTY9I4CyAmmKKQzMSQHyPQ8MbXU/8xgMIycLgXo0jaPukH7Aeo0RpyTWLjox9N2GnwxQ7dRAKg66GaTE+mdVuctspp52yaxaskjUFXiR2RgooQ9U1v5xuSGMfAkU5kbJlW5FqJ0QoRjmkeSeWEBE6In1oaRoQH2Q7mV6U4mOtdHEvFPoFCk/V3xMJ8aUc+57u9IkayHlvIv7ntWLVu2wnLIhiBQGdLerFHKsQT+LBXSaAKj7WhFDB9F8xHRBBqNIh5nUI9vzJi6ReLtnnJevurFC5yuLIoUN0hIrIRheogm5QFdUQRY/oGb2iN+PJeDHejY9Z65KRzRygPzA+fwBj4py4</latexit>X

i,j

keij(u)k2L2

<latexit sha1_base64="t3je/Qy+xSuY7oZqxQY6Cn6mFq0=">AAACGXicbZBNSwMxEIazflu/qh69BIvQIpTdouhFKHrxqGBV6K4lm862odnskswKZenf8OJf8eJBEY968t+Y1iJafSHw8M4Mk3nDVAqDrvvhTE3PzM7NLywWlpZXVteK6xuXJsk0hwZPZKKvQ2ZACgUNFCjhOtXA4lDCVdg7GdavbkEbkagL7KcQxKyjRCQ4Q2u1ii6Us8qRH2nGvZovIcKyr1goGc3oLv3mys2Fr0Wni5VWseRW3ZHoX/DGUCJjnbWKb3474VkMCrlkxjQ9N8UgZxoFlzAo+JmBlPEe60DTomIxmCAfXTagO9Zp0yjR9imkI/fnRM5iY/pxaDtjhl0zWRua/9WaGUaHQS5UmiEo/rUoyiTFhA5jom2hgaPsW2BcC/tXyrvMpoQ2zIINwZs8+S9c1qreftU93yvVj8dxLJAtsk3KxCMHpE5OyRlpEE7uyAN5Is/OvfPovDivX61Tznhmk/yS8/4JAAaecA==</latexit>

e(u) =
1

2

�
ru+ (ru)T

�
defines a norm when the set over which the displacement is null is big enoughdefines a norm when the set over which the displacement is null is big enoughdefines a norm when the set over which the displacement is null is big enough

If that is a norm, in particular it means that:   e(u) = 0 ⇔ u = 0

This is wrong in general: uniform translations and solid body rotations do not generate strains

Constraining the displacements on enough points means that we remove these degrees of freedom to isolate a unique solution



3. Numerics - Céa’s lemma

• We have seen 3 examples of equations where an ellipticity condition + Dirichlet conditions yields existence and uniqueness

• It can also give estimates of the numerical error



• Lax-Milgram theorem gives a solvability condition for the following equation in : 
 

• It also works if we work in a subset  (our finite element problem): 
 

• This gives an interesting property:

V

Vh ⊂ V

Galerkin’s method

(1871-1945)

<latexit sha1_base64="lJrVHd8Du+P593kWi6D1Lvo2YJM=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhAQl3omgjBG0sI5gPyIUwt9kkS/b2zt29gxBS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM8yPOlHacbyuztLyyupZdz21sbm3v2Lt7NRXGktAqCXkoGz4oypmgVc00p41IUgh8Tuv+4Gbi1xMqFQvFvR5GtBVAT7AuI6CN1LYPoRCfJMUrv5AUsfcQQwd73VAC5zjBHhO41rbzTsmZAi8SNyV5lKLStr+8TkjigApNOCjVdJ1It0YgNSOcjnNerGgEZAA92jRUQEBVazR9ZYyPjdLB5gJTQuOp+ntiBIFSw8A3nQHovpr3JuJ/XjPW3cvWiIko1lSQ2aJuzLEO8SQX3GGSEs2HhgCRzNyKSR8kEG3Sy5kQ3PmXF0nttOSel5y7s3z5Oo0jiw7QESogF12gMrpFFVRFBD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gAoNJiq</latexit>

a(u, v) = b(v) 8v 2 V

<latexit sha1_base64="rjZfvOxXSiHWlbe7Xn1WBvWnVwo=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUlDIjim6EohuXFewDOsNwJ007oZnMmGQKpfQj3Pgrblwo4taFO//GTNuFVg+EHM65l3vvCRLOlLbtLyu3sLi0vJJfLaytb2xuFbd3GipOJaF1EvNYtgJQlDNB65ppTluJpBAFnDaD/nXmNwdUKhaLOz1MqBdBT7AuI6CN5BePoJz64fHADw8vg3L2Yfc+hQ52u7EEzrGRsMsEbvihXyzZFXsC/Jc4M1JCM9T84qfbiUkaUaEJB6Xajp1obwRSM8LpuOCmiiZA+tCjbUMFRFR5o8lRY3xglA42W5gnNJ6oPztGECk1jAJTGYEO1byXif957VR3L7wRE0mqqSDTQd2UYx3jLCHcYZISzYeGAJHM7IpJCBKINjkWTAjO/Ml/SeOk4pxV7NvTUvVqFkce7aF9VEYOOkdVdINqqI4IekBP6AW9Wo/Ws/VmvU9Lc9asZxf9gvXxDQkynPE=</latexit>

a(uh, vh) = b(vh) 8vh 2 Vh

<latexit sha1_base64="C7sXLUp6xmoG223l+vvaTX/HDdA=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCBVsSUXRTKLpxWcFeoA1hMp00QycX5lIooc/hxldx40IRd+LGt3GaRtDWA8N8859zOHN+L2FUSMv6MpaWV1bX1gsbxc2t7Z1dc2+/JWLFMWnimMW84yFBGI1IU1LJSCfhBIUeI21veDPNt0eECxpH93KcECdEg4j6FCOpJde0UVlVlBucjtzgpKYfGVQ0/GheOVNmV82CrlmyqlYWcBHsHEogj4ZrfvT6MVYhiSRmSIiubSXSSRGXFDMyKfaUIAnCQzQgXY0RColw0my1CTzWSh/6MdcnkjBTf3ekKBRiHHq6MkQyEPO5qfhfrqukf+WkNEqUJBGeDfIVgzKGU59gn3KCJRtrQJhT/VeIA8QRltrNojbBnl95EVpnVfuiat2dl+rXuR0FcAiOQBnY4BLUwS1ogCbA4AE8gRfwajwaz8ab8T4rXTLyngPwJ4zPbwmHnbo=</latexit>

a(u� uh, vh) = a(u, vh)� a(uh, vh) = b(vh)� b(vh) = 0

Galerkin orthogonality: The projection error is orthogonal to ,     Vh a(u − uh, vh) = 0 ∀vh ∈ Vh

We take  the set of continuous functions that are polynomial (order ) on each cell of mesh size  Vh n h



Céa’s lemma

(1964)

<latexit sha1_base64="rjZfvOxXSiHWlbe7Xn1WBvWnVwo=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUlDIjim6EohuXFewDOsNwJ007oZnMmGQKpfQj3Pgrblwo4taFO//GTNuFVg+EHM65l3vvCRLOlLbtLyu3sLi0vJJfLaytb2xuFbd3GipOJaF1EvNYtgJQlDNB65ppTluJpBAFnDaD/nXmNwdUKhaLOz1MqBdBT7AuI6CN5BePoJz64fHADw8vg3L2Yfc+hQ52u7EEzrGRsMsEbvihXyzZFXsC/Jc4M1JCM9T84qfbiUkaUaEJB6Xajp1obwRSM8LpuOCmiiZA+tCjbUMFRFR5o8lRY3xglA42W5gnNJ6oPztGECk1jAJTGYEO1byXif957VR3L7wRE0mqqSDTQd2UYx3jLCHcYZISzYeGAJHM7IpJCBKINjkWTAjO/Ml/SeOk4pxV7NvTUvVqFkce7aF9VEYOOkdVdINqqI4IekBP6AW9Wo/Ws/VmvU9Lc9asZxf9gvXxDQkynPE=</latexit>

a(uh, vh) = b(vh) 8vh 2 Vh

<latexit sha1_base64="lJrVHd8Du+P593kWi6D1Lvo2YJM=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhAQl3omgjBG0sI5gPyIUwt9kkS/b2zt29gxBS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM8yPOlHacbyuztLyyupZdz21sbm3v2Lt7NRXGktAqCXkoGz4oypmgVc00p41IUgh8Tuv+4Gbi1xMqFQvFvR5GtBVAT7AuI6CN1LYPoRCfJMUrv5AUsfcQQwd73VAC5zjBHhO41rbzTsmZAi8SNyV5lKLStr+8TkjigApNOCjVdJ1It0YgNSOcjnNerGgEZAA92jRUQEBVazR9ZYyPjdLB5gJTQuOp+ntiBIFSw8A3nQHovpr3JuJ/XjPW3cvWiIko1lSQ2aJuzLEO8SQX3GGSEs2HhgCRzNyKSR8kEG3Sy5kQ3PmXF0nttOSel5y7s3z5Oo0jiw7QESogF12gMrpFFVRFBD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gAoNJiq</latexit>

a(u, v) = b(v) 8v 2 V

<latexit sha1_base64="w8ojM/tommhBzwNiJd+Gar6ai2Y=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpZEFL0IRS8eK9gPaGPYbDft0s0m7G4qJfR/ePGgiFf/izf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uB24jeHVCoWiQc9iqkb4p5gASNYG+kRl5PTxOufDL3+8bXtFUt2xZ4CLRInIyXIUPOKX51uRJKQCk04Vqrt2LF2Uyw1I5yOC51E0RiTAe7RtqECh1S56fTqMToyShcFkTQlNJqqvydSHCo1Cn3TGWLdV/PeRPzPayc6uHJTJuJEU0Fmi4KEIx2hSQSoyyQlmo8MwUQycysifSwx0SaoggnBmX95kTTOKs5Fxb4/L1VvsjjycACHUAYHLqEKd1CDOhCQ8Ayv8GY9WS/Wu/Uxa81Z2cw+/IH1+QPbB5Fw</latexit>

a(u� uh, vh) = 0

<latexit sha1_base64="+gx7E1fQj31gAgZMPwODlmXksFI=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFZwT6gMw530rQNzTzMQyilv+HGX3HjQhGXuvJvzLRdaOuBkJNz7uXmnjDlTCrH+bZyS8srq2v59cLG5tb2jr2715CJFoTWScIT0QpBUs5iWldMcdpKBYUo5LQZDq4yv/lAhWRJfKuGKfUj6MWsywgoIwW24xlXYSjpE32Mpw+vR++xBzztA/YamaKnd9C4qwR20Sk7E+BF4s5IEc1QC+xPr5MQHdFYEQ5Stl0nVf4IhGKE03HB05KmQAbQo21DY4io9EeTzcb4yCgd3E2EObHCE/V3xwgiKYdRaCojUH0572Xif15bq+6FP2JxqhWNyXRQV3OsEpzFhDtMUKL40BAggpm/YtIHAUSZMAsmBHd+5UXSqJTds7Jzc1qsXs7iyKMDdIhKyEXnqIquUQ3VEUGP6Bm9ojfryXqx3q2PaWnOmvXsoz+wvn4AHl6fIA==</latexit>

|a(u, u)| � ↵kuk2V
<latexit sha1_base64="DvfHUsn1XtwWC3FoRr6yTSoesG0=">AAACInicbVBNS8MwGE7n15xfVY9egkOYIKMVRb0NvXgRJrhusJaSZukWln6YpINR9lu8+Fe8eFDUk+CPMV0r6OYLIc/H+5K8jxczKqRhfGqlhcWl5ZXyamVtfWNzS9/esUSUcExaOGIR73hIEEZD0pJUMtKJOUGBx0jbG15lfntEuKBReCfHMXEC1A+pTzGSSnL1C1u5EqJacjQ6hDmxGbmHN9C2MpLkt2sVfPTDXb1q1I1pwXlgFqAKimq6+rvdi3ASkFBihoTomkYsnRRxSTEjk4qdCBIjPER90lUwRAERTjpdcQIPlNKDfsTVCSWcqr8nUhQIMQ481RkgORCzXib+53UT6Z87KQ3jRJIQ5w/5CYMygllesEc5wZKNFUCYU/VXiAeIIyxVqhUVgjm78jywjuvmad24Pak2Los4ymAP7IMaMMEZaIBr0AQtgMEDeAIv4FV71J61N+0jby1pxcwu+FPa1zdqt6Jg</latexit>

|a(u, v)|  MkukV kvkV

<latexit sha1_base64="YDO72l+zqeaHnrrtzcuHl89DVK8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UPHOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNBDY0e</latexit>

(1)

<latexit sha1_base64="kyNJErkmn8WJ0F8W90YgWLhYDRM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3KHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3L1vFcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsuLeX5RqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AQpKNHw==</latexit>

(2)

<latexit sha1_base64="1c8/hWEk77bNkzR2cZD5C9t8rAY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2HXB3oMevEY0TwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUI45j7od0oERfMIpWeiifn3aLJbfizkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1rPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpnFW8y4p7f1Gq3mRx5OEIjqEMHlxBFe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDRBeNIA==</latexit>

(3)

<latexit sha1_base64="2RJKRhLgYtlT7Jv/9lxJhiRVpws=">AAACJnicbVDLSiNBFK32mYmvjLN0UxgEXRi6RXFgEMTZuFQwUUjH5nbldrqw+mHV7YEQ/Bo3/oobFxERd/MpVtpe+DpQxeGcc6m6J8yVNOS6L87U9Mzs3HztR31hcWl5pfFztWOyQgtsi0xl+iIEg0qm2CZJCi9yjZCECs/Dq78T//wfaiOz9IyGOfYSGKQykgLISkHjwAeVx8D9DmrixXYRxCUNOpc73Fd4zcHeEW2WFv9TRbQcxLTFg0bTbbkl+FfiVaTJKpwEjbHfz0SRYEpCgTFdz82pNwJNUii8qfuFwRzEFQywa2kKCZreqFzzhm9Ypc+jTNuTEi/V9xMjSIwZJqFNJkCx+exNxO+8bkHR795IpnlBmIq3h6JCccr4pDPelxoFqaElILS0f+UiBg2CbLN1W4L3eeWvpLPT8vZa7ulu8/CoqqPG1tg622Qe22eH7JidsDYT7JbdszF7dO6cB+fJeX6LTjnVzC/2Ac7/V/vjpDg=</latexit>

↵ku� uhk2V  a (u� uh;u� uh) using coercivity (1)
<latexit sha1_base64="CzOlLeelPJ90MFY/lBVqxoK18FI=">AAACIXicbVDLSgMxFM3UV62vqks3wSLURcuMKBZEKLpxWcE+oC1DJs10QjMPk5tCKf0VN/6KGxeKdCf+jOlD0NYD93I4516Se7xEcAW2/WmlVlbX1jfSm5mt7Z3dvez+QU3FWlJWpbGIZcMjigkesSpwEKyRSEZCT7C617ud+PU+k4rH0QMMEtYOSTfiPqcEjORmSy3BHjEx3Ye8Lmg3uNItybsBnOJrvGAU+m7wY7rZnF20p8DLxJmTHJqj4mbHrU5MdcgioIIo1XTsBNpDIoFTwUaZllYsIbRHuqxpaERCptrD6YUjfGKUDvZjaSoCPFV/bwxJqNQg9MxkSCBQi95E/M9ravBL7SGPEg0sorOHfC0wxHgSF+5wySiIgSGESm7+imlAJKFgQs2YEJzFk5dJ7azoXBTt+/Nc+WYeRxodoWOURw66RGV0hyqoiih6Qi/oDb1bz9ar9WGNZ6Mpa75ziP7A+voGLSmiRg==</latexit>

 a (u� uh;u) = a (u� uh;u� vh) playing with Galerkin orthogonality (3) 

<latexit sha1_base64="JdEIrDh9gRpHCr9xtt/cIl7ux94=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR3FgSUXRZdONGqGDTQhvCZHrSDp1cnJkUSuhruPFV3LhQxKWufBunbZDa+sPAz3fO4cz5/YQzqSzr2ygsLa+srhXXSxubW9s75u6eI+NUUKjTmMei6RMJnEVQV0xxaCYCSOhzaPj963G9MQAhWRzdq2ECbki6EQsYJUojz7TaHB7wLW47IBROT1KvN/Weg3/hYAZ6ZtmqWBPhRWPnpoxy1Tzzs92JaRpCpCgnUrZsK1FuRoRilMOo1E4lJIT2SRda2kYkBOlmk8tG+EiTDg5ioV+k8ITOTmQklHIY+rozJKon52tj+F+tlarg0s1YlKQKIjpdFKQcqxiPY8IdJoAqPtSGUMH0XzHtEUGo0mGWdAj2/MmLxjmt2OcV6+6sXL3K4yiiA3SIjpGNLlAV3aAaqiOKHtEzekVvxpPxYrwbH9PWgpHP7KM/Mr5+AHKjnrU=</latexit>

 Mku� uhkV ku� vhkV using continuity (2) 

<latexit sha1_base64="/Tl/RP0NstaHqCmk46MVxEtevzU="></latexit>

ku� uhkV  M

↵
ku� vhkV 8vh



From Céa’s lemma to practical estimations
solution of the continuous PDE

<latexit sha1_base64="rjZfvOxXSiHWlbe7Xn1WBvWnVwo=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUlDIjim6EohuXFewDOsNwJ007oZnMmGQKpfQj3Pgrblwo4taFO//GTNuFVg+EHM65l3vvCRLOlLbtLyu3sLi0vJJfLaytb2xuFbd3GipOJaF1EvNYtgJQlDNB65ppTluJpBAFnDaD/nXmNwdUKhaLOz1MqBdBT7AuI6CN5BePoJz64fHADw8vg3L2Yfc+hQ52u7EEzrGRsMsEbvihXyzZFXsC/Jc4M1JCM9T84qfbiUkaUaEJB6Xajp1obwRSM8LpuOCmiiZA+tCjbUMFRFR5o8lRY3xglA42W5gnNJ6oPztGECk1jAJTGYEO1byXif957VR3L7wRE0mqqSDTQd2UYx3jLCHcYZISzYeGAJHM7IpJCBKINjkWTAjO/Ml/SeOk4pxV7NvTUvVqFkce7aF9VEYOOkdVdINqqI4IekBP6AW9Wo/Ws/VmvU9Lc9asZxf9gvXxDQkynPE=</latexit>

a(uh, vh) = b(vh) 8vh 2 Vh

solution of the finite element problem: We can take , 
the projection of  on  

vh = πh(u)
u Vh

<latexit sha1_base64="X8pukZw9KZgJ0nTTsQvwdCUV+M8="></latexit>

ku� uhkH1  M

↵
ku� vhkH1 8vh

We take  the set of continuous 
functions that are polynomial (order ) 
on each cell of mesh size  

Vh
n

h

Bramble-Hilbert lemma:
<latexit sha1_base64="+Hy5z81MWh9tMlT2MgPoEvP4I3M=">AAACJ3icbVDNSgMxGMz6b/2revQSLEI9tOyKoicRvfRYwVah2y7Z9KsNTbJrkhXKsm/jxVfxIqiIHn0T07qIVgcCk5n5SL4JY860cd13Z2p6ZnZufmGxsLS8srpWXN9o6ihRFBo04pG6CokGziQ0DDMcrmIFRIQcLsPB2ci/vAWlWSQvzDCGtiDXkvUYJcZKQfHYb4IyOKn4MQv65WR3fA/SWkdm2Odwg/EA9zupqMgsj+LviMiCYsmtumPgv8TLSQnlqAfFJ78b0USANJQTrVueG5t2SpRhlENW8BMNMaEDcg0tSyURoNvpeM8M71ili3uRskcaPFZ/TqREaD0UoU0KYvp60huJ/3mtxPSO2imTcWJA0q+HegnHJsKj0nCXKaCGDy0hVDH7V0z7RBFqbLUFW4I3ufJf0tyregdV93y/dHKa17GAttA2KiMPHaITVEN11EAU3aEH9IxenHvn0Xl13r6iU04+s4l+wfn4BPv0pWw=</latexit>

ku� ⇡h(u)kHn  khm�nkukHm

<latexit sha1_base64="HfdVWIvPwiVxZkU9RbhX4d8FyDk=">AAACKXicbVDLSgMxFM34rPVVdekmWAQ3LTOi6LLYTZcV7AP6GDLpbRuazEzzEMrQ33Hjr7hRUNStP2L6ALX1QODknHNJ7glizpR23Q9nZXVtfWMztZXe3tnd288cHFZVZCSFCo14JOsBUcBZCBXNNId6LIGIgEMtGBQnfu0epGJReKdHMbQE6YWsyyjRVvIzhWYVpMYmZ/w+nnI/KbW9MW5yGOIi7rcTkZtcZ7GfiLDa0JCOn8m6eXcKvEy8OcmiOcp+5qXZiagREGrKiVINz411KyFSM8phnG4aBTGhA9KDhqUhEaBayXTTMT61Sgd3I2lPqPFU/T2REKHUSAQ2KYjuq0VvIv7nNYzuXrcSFsZGQ0hnD3UNxzrCk9pwh0mgmo8sIVQy+1dM+0QSqm25aVuCt7jyMqme573LvHt7kS3czOtIoWN0gs6Qh65QAZVQGVUQRQ/oCb2iN+fReXbenc9ZdMWZzxyhP3C+vgGRJqWf</latexit>

ku� uhkH1  Chm�1kukHm


